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THE SPECTRAL ENERGY DISTRIBUTIONS PRODUCED 
BY ROTARY MIXING OF COMPLEMENTARY 
PAPERS 


DEANE B. Jupp 


A much-used method for experimenting in and demonstration of 
complementarism is to use a rotary mixer.’ This mixer carries a 
rotating disk whose sectors are composed of papers of the complemen- 
tary hues. These sectors are usually arranged in such a way as to be 
adjustable to different proportions and a second-disk composed of a 
black and a white sector is usually added to serve for a comparison 
gray of variable brightness. This method has an advantage over the 
use of spectral hues for complementarism in that it is simpler, and easier 
to set up, but is distinctly inferior because in most cases the spectral 
character of the light beam reflected from any of the papers is not 
at all accurately known. 

It seems advisable, therefore, not only to determine the spectral 
character of the light beam from the papers, themselves, but also to 
study the actual energy distributions afforded by the rotary mixture 
of two or more of these complementary papers. Only in this way 
can the stimulus characteristics which yield the “gray” reaction be 
specified with the assurance of quantitative accuracy. 

The Method of Procedure, then, was to investigate by means of the 
spectrophotometer a representative group of colored papers, set up 
complementaries among them, and plot curves showing the spectral 
distribution of light for the complementary combinations. These 
curves are derived by combining the absorption spectra of the com- 


1 Luckiesh, Color and Its Applications, Maxwell’s Disks, p. 61; 1915 
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ponents through the application of the Talbot law.? Details for the 
calculation are given later. 


APPARATUS AND MATERIALS 


Accordingly, then, seventeen papers were selected from the Milton- 
Bradley assortment, the basis for selection being to choose a repre- 
sentative of each hue of the highest saturation possible. In the seven- 
teen were two non-spectral hues (purples), a black, and a white. 

The Rotary Mixer was an electric motor of about 4000 r.p.m., this 
speed being sufficient to eliminate the possibility of flicker, with its 
attendant effects. This was done because it was desired to make 
strict use of the Talbot law which does not apply to low frequencies of 
alternation. The illumination, under which the complementary 
proportions were determined, was obtained from a white scren upon 
which fell the direct rays of the sun whose altitude varied from 30° to 
50°. 

The Spectrophotometer consisted of the Hilger constant-deviation 
spectrometer with the Nutting’ photometer attachment, and was 
adapted to the measuring of reflected light as follows: 

1. By means of a simple optical system, the light from a small 
carbon arc was directed, half on the paper surface to be tested, the 
other half on a white surface which was used as a standard throughout 
the entire work, (i.e. it was also the white used in the b ack-white 
mixture in determining the complementary proportions.). This illu- 
minating beam struck both surfaces at an angle of 40° from the normal. 

2. These two surfaces were so arranged that the illuminated portions 
of them came directly in front of the apertures of the Nutting photometer 
attachment. The reflected beams which entered the instrument left 
the surfaces at an angle of 15° from the normal on the same side of the 
normal as the illuminating beams; hence, direct reflection was practi- 
cally eliminated. The writer is fully aware that these conditions of 
illumination are not identical with those obtaining during the rotary 
mixing, but the accuracy of the results was found to be satisfactory, 
as will appear later. On this account, the variations in spectral distri- 
bution when the angles of reflection and illumination change were not 


jnvestigated. 


2 Talbot, Phil. Mag. Series 3, 5, p. 321; 1834. 
3 Nutting, P. G., A Photometer Attachment for Spectrometers, Bulletin of the Bureau of 
Standards, #155. 
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THE SPECTROPHOTOMETRIC RESULTS 


Curve sheets (Figs. 1, 2, and 3) showing the absorption spectra for all 
sixteen papers as compared to white as a standard are included, and 
embody all the spectrophotometric readings taken. The horizontal 
scale gives the wave-length in millimicrons as read from the prism 
drum on the Hilgerspectrometer. The vertical scale shows absorption in 
per cent. By absorption in per cent is meant that complete absorption 
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Wave-length in Millimicrons 


Fic. 1. The absorption spectra of a family of seven papers, ranging in hue from “red” to 
“yellow.” These papers are grouped together because they show the common characteristic of 
absorbing the short wave-lengths to a marked degree, and of reflecting almost entirely all energy in 
the longer wave-lengths. The last three curves (yellows) may (together with the yellow-green of 
Fig. 2) be separated from the other eleven papers because, with no falling off of saturation, they 
still yield brightnesses of about twice the others. (See sixth column, Table 1.) 


or that which would be yielded by a perfectly black surface would be 
plotted as “100” while the white used for the standard would appear 
as “0.” The values of “2 log cosine 6” as read directly from the circle 
of the Nutting attachment are shown on the vertical scale at the 
extreme right. The transformation from “2 log cosine 6’’ to per cent 
absorption is given by the following relation: 

Per cent absorption = 100 [1 —antilogio (—2 log cosine @)] 
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In order to render more usable the complete information which the 
absorption spectra yield concerning the colors dealt with, the effect 
of the various spectral energy distributions on the three elementary 
color excitations’ have been calculated, and recorded in Table 1. 


TaBLe 1. To Specify, Exactly, the Colors Being Dealt With 























Spectral 
| Equivalents | Effect on the Excitations 
| Milton | ———-_ | — 
Curve Color | Bradley | Domi- | Pur- | Bri Totals Per cent 

No. Name | Symbol || nant | ity | —_—— 

| wave- Jo | % 
length | Red | Green | Violet Red Violet 

mp | 
1 Red | R | 625 | 46 | 13) 1045| 456] 371 | 55.9 /| 19.8 
2 Red | 4R1Y | 618 | 63 | 16 || 1765 | 615 | 371 || 64.2 | 13.5 
3 | Red Orange | RO || 609 | 65 | 30 || 2325 | 1041} 505 || 60.1 | 13.0 
4 Orange oO 596 | 81 | 44 || 3382 | 1804 | 413 | 7.4 
5 Yellow | 4Y1R || 581 | 83* | 71 || 4485 | 3634 | 682 || $1.2 | 7.4 
6 Yellow | YF 578 | 84* | 83 || 5220 | 4442 | 744 |) 50.1 | 7.2 
7 Yellow | 4¥1G || 576 | 80* | 89 || 5290 | 4668 | 1011 | 48.2| 9.2 
8 | YellowGreen | YG 567 | 63 | 70 || 3840 | 4073 | 1449 | 41.0 | 15.5 
9 Green G || 527 | 58 | 40 || 1852 | 2645 | 1122 || 32.9 | 20.0 
10 BlueGreen | BG 494 | 23 | 43 || 2062 | 2644 | 2461 | 28.7 | 34.4 
11 Green Blue | 4B1G || 480 | 30 | 25 | 1095 | 1584 | 3159 || 18.8 | 54.1 
12 Blue B 469 | 38 | 16), 508} 890 | 4192 || 9.1 | 75.0 
13 | Blue Violet | 4B1R || 466 | 30 | 11) 462| 709 | 3260 || 10.4 | 73.6 
14 Violet V 460 | 6* | 15 || 812) 835 | 2050 | 21.9 | 55.5 
15 Violet Red VR 525# | 40 | 21 || 1481 | 977 | 1830 || 34.6 | 42.6 
16 Black Bk 505 | 4 | 5 || 268! 285 | 266 || 32.7 | 32.5 





# Violet red, being non-spectral, is specified by the wave-length of its complementary. 

* These three yellows do not appear so saturate as the figures would indicate. But since 
spectral yellows are taken as 100% pure, the low subjective saturation of spectral yellow 
relative to that of other hues (especially violet) accounts for the apparent discrepancy.** 

** Sinden, R. H., Studies based on Spectral Complementaries, J. O. S. A., 7, No. 12; 
p. 1136, December, 1923. 


From the excitation totals, the dominant wave-length, purity and 
brightness which would result if the papers were illuminated by noon 
sun-light have also been calculated and recorded in the table. 

Four steps were necessary in the calculation of these results: 


* Troland, L. T., Report of Committee on Colorimetry J. O. S. A., 6, No. 6, p. 548; 
August, 1922. 
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1. The reflection factors of the paper to be evaluated were obtained. 
To do this it was necessary only to subtract the percent absorption 
from one hundred, since per cent reflection equals (100—per cent ab- 
sorption). The reflection factors thus calculated from the original data 
and recorded as a function of the wave-length embody Table 5. In as 
much as these percentages have not been evaluated by direct reading for 
every 10 my interval (the interval used in the summation of Step 3) 
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Wave-length in Millimicrons 


Fic. 2. The absorption spectra of a family of four papers ranging in hue from “yellow-green” 
to “green-blue.” These papers are grouped together because they show the common characteristic 
of absorbing to a degree both the extremely long and the extremely short wave-lengths, but reflect a 
large proportion of the energy in the intermediate wave-lengths. To this group has been added, for 
the sake of convenience in plotting, the absorption spectrum characteristic of the “black’’ which was 
used with the standard “white to form the comparison gray. 


they have been plotted against the wave-length (Figs. 1, 2 and 3), a 
smooth curve drawn, and the missing values supplied by interpolation. 
The percentages from the curves (reading from the top down, of 
course, since the curves show absorption instead of reflection) rather 
than reflection factors of Table 5 (which differ slightly, due to smooth- 
ing) form the basis of the computation involving the elementary 
excitations. 
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2. Each of the values of percent reflected were then multiplied by the 
corresponding value for the spectral energy distribution yielded by 
noon sunlight.’ It is to be noted here that the results of this computa- 
tion, since they are based on “‘average noon sunlight at Washington’”’ 
as a standard “‘white,” cannot be said to be a perfectly rigorous check 
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Fic. 3. The absorplion spectra of a family of four curves ranging in hue from “blue” to 
“ved-violet.”” The common characteristic of this family is the absorption of the energy between 
wave-lengths 510 (green) and 600 (orange) and the partial reflection of the short wave-lengths. 


on the complementary proportions on account of the fact that the 
illumination was not “average noon sunlight’’ but, as previously stated, 
light from the sun whose altitude varied from 30° to 50°. The degree 
of correspondence which these calculations yield (See Tables 2, 3, and 4) 
indicates that the error introduced through uncertainty as to the 
character of the illumination is not serious. 

3. The products obtained from the second step were multiplied by 
the corresponding values of the “Red” excitation® and the resulting 

5 Obtained from the determination by C. G. Abbot of the Smithsonian Astrophysical Ob- 
servatory, as given by L. T. Troland in the Report of Committee on Colorimetry for 1920- 

t, J. 0. S. A., 6, No. 6, p. 560; August, 1922. 


* Troland, L. T., Report of Committee on Colorimetry, J. O. S. A., 6, No. 6, p. 549; 
August, 1922. 
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products were added, taking intervals of 10 my along the wave-length 
scale. In the same fashion the totals corresponding to the “Green” and 
“Violet” excitations were found. These totals are recorded in the 
seventh, eighth, and ninth columns of Table 1. To get the “Per cent” 
recorded in the tenth and eleventh columns, the “Red” and “Violet” 
totals were expressed in hundredths of the sum of the three totals. 
The per cent for “Green” is not recorded since it is found simply by 
subtracting the sum of the other two from 100. 

4. The per cents, thus found, were then expressed in terms of domi- 
nant wave-length and purity. This transformation was accomplished 
by reference to a plot of the spectral colors on the excitation triangle.’ 
Thus the results headed “Dominant Wave-length” are to be interpreted 
as the wave-length of the spectral color having the same effect on the 
elementary excitations. Likewise, the purities are given in percent 
with spectral colors considered 100 percent pure. The four steps leading 
to this evaluation follow closely the procedure recommended by the 
Committee on Colorimetry.*® 

To get the brightness of the stimulus resulting from the papers as 
illuminated by “‘average noon sunlight” it is only necessary to multiply 
the excitation totals as recorded in the seventh, eighth, and ninth 
columns of Table 1 by the corresponding specific visibility coefficient 
of the excitation. These are approximately: Red, 0.370; Green, 0.617; 
and Violet, 0.012.° The sum of the products by these coefficients is 
proportional to the brightness desired. The actual method of evalua- 
tion, which the writer believes to be slightly more reliable, (and which 
gives brightnesses differing from the results of this method by one or 
two percent only) can scarcely be treated here. Suffice it to say, then, 
that the method amounts to the use of specific visibility coefficients of 
slightly different value, than those cited above. The brightness sums 
calculated in this way have been expressed in per cent brightness 
(considering the standard white to be 100 percent bright) and these 
percents recorded to form the sixth column of Table 1. 

THE COMBINATION CURVES 


In the case of a complementary, set up on the rotary mixer, the beam 
of light which reaches the eye is characterized first by one spectral 


7 Troland, L. T., Report of Committee on Colorimetry, 1920-1921, J.O. S. & R. S.L, 
6, p. 575, 1922. 

§ Troland, L. T., Report of the Committee on Colorimetry, 1920-1921, J. O. S. A., 6, 
No. 6, p. 580; August, 1922, 

* Troland, L. T., Report of the Committee on Colorimetry, 1920-1921, J.0.S.A., 6, No. 6, 
p. 551; August, 1922. 
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distribution of energy, then by another. The change from one distribu- 
tion to the other, however, takes place in so short a time interval 
(4000 r.p.m.) that, due to the inertia of the receptor, no reaction is 
made to each separate stimulation. The reaction that is made is the 
same as that to a continuous stimulus. The function of the combination 
curves, then, is to define what continuous stimulus is equivalent to the 


intermittent one which is actually presented. 
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Fic. 4. The details of calculation for the continuous stimulus equivalents, non-selective type. 
The circles represent the absorption spectra of the components weighted according to the comple- 
mentary proportions; the dots, the continuous stimulus equivalent. 

In order to derive the combination curves from the absorption 
spectra of the components, an application of the Talbot law,'® whose 
accuracy has been well established, is resorted to. This law states that 
the luminosity of a mixture is equal to the time weighted mean of the 
luminosities of the components. But since the per cent luminosity 
(or per cent reflected) for any particular wave-length is equal to 100 
minus the per cent absorbed, the law can be restated in terms of absorp- 
tion as follows: 

A =K,A,+K2A2+K3A;3 ao 


10 Pfund, A. H., On the Use of the Rotating Sector in Photometry, Psychol. Rev., 2/, 
pp. 116-120; 1914. 
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where: A =the absorption of the mixture for a particular wave-length. 
(A point on the combination curve it is desired to evalu- 
ate.) 

A,, Ao, As =the respective absorptions of the components for that 
same wave-length. (These can be taken from the absorp- 
tion spectra, Figs. 1, 2, 3.) 
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Fic. 5. The details of calculation for the continuous stimulus equivalents, selective type. 
As in Fig. 4, the circles characterize the components ; the dots, the continuous stimulus equivalent. 


K,, Kz, K;=coefficients which weight the components in the mixture 
according to the time they are present. (These may be 
evaluated by taking the per cent of the entire disk which 
the sector of each respective component occupies. These 
per cents are found in Tables 2 and 3 in the third column 
which is headed: “Per cent of Disk.’’) 

Using this method of combination, the continuous stimulus equiva- 
lents for the eleven mixtures studied were plotted (See Fig. 6.). It 
became at once apparent that these equivalents could be divided 
readily into two groups: (1) Non-selective (Fig. 4), or those which 
yield approximately the same distribution of energy as the black-white 
mixture; and (2) Selective (Fig. 5), or those which show definite and 
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unmistakeable deviations from the energy distribution of the black- 
white mixture. 

In order to make clear the exact details of the calculation of the 
continuous stimulus equivalents, a combination spectrum, typical of 
each group, together with the weighted component spectra, have been 
included and form Figs. 4 and 5. 
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Fic. 6. The combination curves grouped as non-selectives and selectives. It is to be noticed 
that the six non-selectives all involve considerable “yellow” (4Y1R, Y, 4Y¥ 1G and YG) while the 
selectives involve no yellow at all. The vertical scale is the same (Absorption in Per cent) as in the 
other figures, but, for convenience in plotting, the origin of the scale for each curve is shifted verti- 
cally. 


Fig. 6 embodies the continuous stimulus equivalents for all the 
combinations set up on the rotary mixer. The ready division into two 
distinct types (selective and nonselective) becomes apparent at first 
glance. Six of the equivalents are seen to approximate in a general 
way a straight horizontal line, the deviations from which are fairly 
smal! and irregular. The other five curves, however, could not by any 
device of classification be grouped as non-selective. The deviations 
from the horizontal Jine are quite marked, and, what is most remarkable, 
the two characteristic depressions occur at almost the same wave- 
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length for each combination. Table 4 shows in a more adequate way 
the quantitative correspondence of these two minima throughout the 
entire group. 

It should be noted that these combination curves do not depend on 
any assumptions concerning color vision, nor do they appeal to any 
color theory for support; they depend only upon the fact that the alter- 
nation takes place too rapidly for the eye to follow, and they represent 
the application of the wellestablished Talbot law to the spectro- 
photometric data which are also independent of any color theories. 

However, just as the spectro-photometric data were specified more 
briefly and conveniently by calculating the effect of the resulting energy 
distributions on the three elementary excitations, so also the accuracy 
of the continuous stimulus equivalents can be checked by a similar 
calculation. The results of such a calculation have been arranged in 
tabular form, Table 2 embodying the results on the non-selective com- 
binations; and Table 3, the selective. Here again the illuminating 
beam was considered to be “‘average noon sunlight.”’ The results of 
this computation, then, test whether the reaction to the continuous 
stimulus equivalents really, according to the three-color theory, would 
be “white.” 

If the effect on the excitations is to be the same as that by white 
light, the last two columns should indicate 33.3%. A glance at these 
columns wil] show the degree of correspondence. Furthermore, the 
third from the last column, headed “‘Purity, Per cent” should be 00.0, 
since gray has zero purity. Most of these values are seen to be quite 
low. The last case in each table was included because, although the 
gray, as indicated by the fourth column (“‘Remark on Mixture”) was 
not perfect, yet these duals are often taken as examples of comple- 
mentaries; and it was desired to learn just what was the deviation from 
perfect complementarism. The agreement between the remarks on 
the mixture (fourth column) and the specification of the continuous 
stimulus equivalent is seen to be fairly satisfactory in each case. 

The errors which do appear could be accounted for on any one of the 
following bases: (1) Uncertainty in the complementary proportions due 
to variation in color vision of the observers, and in illumination; (2) 
Uncertainty in the spectrophotometric settings; (3) Uncertainty due 
to extrapolation necessary to compute the effect on the excitations. 

It is interesting to note in this connection that exactly the same 
spectral equivalents can be calculated directly from the material given 
in Table 1. If the excitation totals be multiplied by their respective 
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TABLE 2. To show with how Much Accuracy the Combination Curves Yield “White.” 
(Non-selective combinations) 
Spectral Equivalent Effect on 
Excitations 
| Milton | Per cent | Remark || Domi- Purity 7 — 
Colors Bradley of | on nant Per cent || % Red | % Violet 
Symbol} Disk | Mixture|} Wave- 
length 
my 
Blue B 55 Exact 
Yellow 4YV1G 40 gray 440, 0.5 32.8 34.6 
Blue-green BG 5 
Blue | B 49 Exact || Comp. to 
Yellow ae 3 38 gray 530 0.1 33.3 | 3.4 
Green | G 13 
Blue | B 44 Fair 
Yellow | 4¥Y1R 31 gray 488 6.0 30.6 35.8 
Green | G 25 
Green-blue | 4B1G 60 Fair 
Yellow | 4V1R 33 gray 540 3.0 33.4 32.1 
Green | G 7 
Violet V 69.5 Fair 
Yellow-green YG 22.5 gray 590 1.0 33.8 32.3 
Yellow Y 8.0 
Blue B 58 Red _ || Comp. to | 
Yellow 4¥1G 42 nearly 565 12.0 31.8 36.7 
gray _ 
TABLE 3 
(Selective combinations) 
Green G 37.5 Fair 
Red 4R1Y 31.5 gray 488 5.0 a3 | th 
Blue-violet 4BiR 31.0 
Orange | O 30 | Fair 
Blue-green | BG 61 | gray 610 1.0 34.8 32.3 
Blue | B 9 
Red-orange | RO 36 | Fair 
Blue-green | BG 56 | gray 430 1.0 32.2 36.4 
Green-blue | 4B1G 8 | 
Red-violet | RV 64.5 | Fair 
Green G 35.5 | gray 600 1.0 34.9 | 32.2 
Red | oR 64.5 | Yellow || 
Blue-green BG 35.5 | nearly | 590 12.0 37.0 30.0 


gray |! 
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weights as given in the third column of Tables 2 and 3, the results in 
these tables can be exactly duplicated, barring of courses, small errors 
in curve plotting and reading. Thus, it is seen that the operation of 
plotting the continuous stimulus equivalents adds nothing to the 
accuracy of accounting for complementarism in papers through the 
use of the three-color theory. However, if the combination curves had 
not been plotted, the group classed as non-selectives would never have been 
isolated. The mixture of yellow and blue would have been placed on a 
par with the mixture of red with blue-green, which is, of course, far 
from the truth in this particular set of papers at least. The beam of light 
from the blue-yellow mixture is judged equal to the black-white mixture 
beam because the two have the same spectral distribution of energy. The 
beam of light from the red-bluegreen mixture is judged gray, not be- 
cause it is identical with the beam from the black-white mixture, (for 
the deviation is marked) but because of some physiological or psycho- 
logical identity, i.e. the same identity that makes a mixture of spectral 
complementaries equivalent to white. 

In this way, then, certain cases of complementarism by rotary 
mixture (the non-selectives) are seen to be true physical comple- 
mentaries and should be classed with the complementaries produced 
by rotary dispersion, recombining a split spectrum, etc. 

It might quite fairly be asked just what causes a certain six of the 
combinations to turn out non-selective while the other five mixtures 
deviate so markedly from non-selectivity. The answer to this query 
lies in the fact that the six non-selectives all contain considerable 
yellow (ie. 4Y1R, Y, 4Y1G, or YG), the other five combinations, or 
selectives, contain no yellow at all. The absorption spectra of these 
four papers (yellows, see Figs. 1 and 2) show that ‘“‘yellow” is unique 
among hues. While papers of all other hues absorb energy in most 
wave-lengths and reflect only a few, “yellows” reflect in most wave- 
lengths and absorb only a few (the blue and violet regions). This 
uniqueness is shown by the definitely higher brightnesses of the four 
papers (See Table 1, sixth column, headed “Bri %”’). The combination 
of yellow with a complementary blue, therefore, yields a non-selective 
mixture; but, since no paper of other hue can have the same absorption 
characteristics without suffering a marked loss in purity, (which would 


exclude it from selection for rotary mixing demonstration) the con- 
tinuous stimulus equivalent resulting from any other mixture will be 
selective to a marked degree. 
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The other group (selectives) are in a measure what they appear to be: 
They offer fairly satisfactory approximations to spectral mixing. The 
difficulty, however, lies in the fact that only a limited range of spectral 
hues can be approximated by rotary mixing, at least with this group of 
papers. Every one of the five cases classed as selectives showed a 
depression in the “blue-green,” and this although a wide variation in 
colors was represented in the papers used. In order to show quantita- 
tively the narrowness of this spectral range, the effect on the excitations 
of the two depressions (one “red,” the other ‘“‘blue-green’”’) has been 
calculated and the results included as Table 4. 


TABLE 4. Constancy of the Beam Components in the Selective Equivalents 



































Actual Pigment Colors 
| Beam Components |} Accepted 
! Spectral Equivalent || Spectral Equivalent Wave-length 
Color Milton | | of Blue-green 
Name | Bradley || Dominant Purity Dominant | Purity Complementary 
| Symbol || Wave- Per cent Wave- | Per cent 
l length yoy 
| om 
Red 4R1¥ 625 6 || 62 | 70 
Green G 527 58 488 65 490 
Blue-violet | 4B1R 466 30 
Orange Oo | 596 81 60 6|tC6t 
Blue B 469 38 489 28 488 
Blue-green | BG | 494 23 | 
Red-orange| RO ! 609 65 610 | 64 
Blue-green| BC || 494 23 487 | 37 489 
Green-blue | 4B1G | 480 30 | 
Comp. to 
Red-violet | RV 525 ao | of | o 
Green G 527 58 | 493 | 25 491 
Red R 625 44 621 | 61 
Blue-green BG 494 23 494 | 43 490 























A reference to this table will show that although the pigment colors 
vary in the red all the way from 596 to the complementary of 525, the 
beam components show reds from 600 to 640 only. And more striking 
yet, the pigments show greens and blues varying from 527 to 466 while 
the beam components all fall between 494 and 487. Thus it seems im- 
possible to get approximations to spectral, mixing by rotary mixing, 
except for the red-bluegreen complementary. 
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A check on the accuracy of the computation of the beam components 
is afforded by comparing the resulting dominant wave-lengths with 
the corresponding accepted complementaries."" The blue-green com- 
plementary corresponding to the various reds is recorded in the last 
column, all dominant wave-lengths being expressed in millimicrons. 
The greatest deviation is seen to be 2 mu. 


TasLe 5. The spectral reflection* of the papers investigated, as calculated directly from the 
spectrophotometric settings 


\| 





























640 90 (97 100 | 92 


66 100 | 100 |\60 | 15| 27| 13 || 7| 4 | 14] 56 
680 |\75 | 92 |97 |100 | 78 


100 | 100 |/68 | 21 | 30| 14 || 10| 4 | 10 | 87 


* The above data are given in per cent reflection, considering the standard white to be 
100 per cent reflecting for each wave-length. Reflections rather than absorptions have been 
recorded since all computations involving the elementary excitations are based on the per cent 
reflected. This serves to emphasize the fact that although the results in the tables (1, 2, 3, and 
4) involve the assumption of sunlight illumination and therefore designate light beams, the 
curves depend only on the spectrophotometric readings referring to the papers, themselves, 
and hence take the form of absorption spectra. 


2 | Milton-Bradley Identification Symbol and Curve Number 

b 

| i 
2 &| R |4R1Y|RO| O |4V1R|\ Y |4¥1G lyG| G | BG \4B1G\| B \4B1R| v | vR|| Be 
sii} 2/3) 4/] 516] 7 8] 9}10] 11 | 12| 13 | 14| 15]|| 16 
450||6| 7 |8| 7] 13 | 8] 13 //21| 15] 45 | 60 || 80| 60 | 37 | 321) 4 
480 ||4| 5 || 8! 17 | 19] 24 1138 | 33 | 64| 63 || 55 | 39 | 28 | 241] 6 
500 ||} 4| 4 |9]| 8] 24131] 55 |}66| 69| 71 | 57 || 33] 20 | 19/ 17]| 5 
510 || 4} 5 |8| 10} 30 | 47] 63 ||75 | 78 | 67,| 46 || 24) 15 | 15 | 11 || 6 
520 || 5| 5 |8|12| 40 | 67] 72 |80| 70| 61| 36 || 18] 13 | 15 | 11 || 6 

| 
530 ||6| 5 | 8|13| 56 |78| 90 |\80| 67| 55| 29 || 15| 12 | 14] 12 || 5 
540 ||6| 4 |8|13]| 70 | 90] 91 |79| 53 | 47| 25 || 13] 11 | 13 | 14 || 4 
550 ||7| 5 \11| 17} 83 | 93] 96 |80|43| 40] 21 || 9} 9 | 13] 15]| 5 
5600 || 7| 6 |14| 34| 84 \100| 94 ||72| 37| 36| 19 || 8] 8 | 13 | 16] 5 
570 || 8| 8 |20| 55| 85 |100| 97 |\70| 32| 34| 18 || 7) 7 | 41/1715 
580 || 9 | 11 |30 | 69 | 88 |100| 100 ||70 | 27| 33| 17 || 7) 7 | 11 | 19 || 6 
590 |\13 | 22 |47 | 85 | 89 |100| 100 |\68 | 23| 30| 16 || 7| 7 | 12) 21 || 6 
600 18 47 |58| 88 | 93 \100/| 100 |\60 | 18| 27| 13 || 7] 7 | 14] 25)| 4 
610 |\23 | 70 |80 | 93 | 92 |100 100 \\60 | 15 | 26| 12 || 6| 5 | 18| 34 || 4 
620 ||37 | 75 |81 |100 | 89 « 100 |\60| 15 | 27) 12 || 6} 5 |17| 411) 4 
630 145 | 77 |89 |100| 89 |100 | 100 ||s9| 15 | 27| 12 || 7| 5S | 45| 52 || 4 
4 
4 






























































APPLICATION OF THE RESULTS 


Acomparison of the dominant wave-lengths yielded by the paper with 
those yielded by the beam components affords an explanation of why 


4 Troland, L. T., Report of Committee on Colorimetry for 1920-1921, J. O. S. A., 6, No. 6, 
p. 553; August, 1922. 
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a direct accounting of these particular pigment combinations seems 
somewhat satisfactory. The dominant wave-length in the ‘“red’’ 
papers (with the exception of the VR-G mixture) corresponds very 
closely with the “red” of the beam component. Furthermore, the 
dominant wave-length of the blue-green component lies in each case 
between the green and the blue of the papers. The purities yielded by 
the beam components are quite comparable to those of the pigment 
colors. Thus, this type of direct explanation for complementarism in 
terms of the pigment colors for these particular combinations will be 
found to be fairly satisfactory, but only because the beam components 
yield approximately the same dominant wave-lengths and purities. 

The fact that six of the eleven combinations studied yield non-selec- 
tive equivalents accounts for many. of the difficulties which are en- 
countered in using pigment hues as a basis for explaining, complemen- 
tarism. Thus, if the blue-yellow combination is illuminated by yellow 
light, it would be predicted that the mixture would be too yellow since 
the blue would appear as black. A trial of this, however, yields the 
fact that although the blue-yellow mixture does appear yellowish, 
nevertheless it is exactly matched by the black-white mixture, which 
also appears yellowish. This is of course due to the equivalence of the 
blue-yellow mixture to the black-white. An investigation of the effect 
of illumination on rotary complementarism is being tried; and pre- 
liminary results check, in every particular, the analysis given above. 

Then, again, by decreasing the intensity of illumination a differential 
Purkinje effect might be predicted between the blue-yellow mixture 
and the corresponding black-white. This expected effect does not 
appear, however, since both mixtures are affected equally. Not so with 
the selective (and well-behaved) mixtures; here a red-blue-green 
mixture quite properly appears too blue-green under decreased illu- 
mination. 

The testing of color-blindness by reaction to rotary mixtures, a thing 
impossible without a knowledge of the non-selective and selective 
combinations, also appears to promise success. 


CONCLUSIONS: 


1. A large number of cases of complementarism obtained by 
rotary mixing of papers, yield non-selective distributions of spectral 
energy. 














dat 
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2. The presence of a considerable portion of yellow in the com- 
plementary combination indicates a high probability that the resulting 
distribution will be non-selective. 

3. All other cases (i.e. selectives) yield distributions which are 
visually the approximate equivalent to the mixing of spectral red with 
spectral blue-green. 

4. The absence of yellow from the complementary combination 
indicates, with a high degree of certainty, that the resulting distribu- 
tion will be selective. 

The above conclusions apply rigorously to all papers having the 
absorption characteristics represented by the absorption spectra shown. 
(Figs. 1,2and3.) They apply ina satisfactory way to all papers having 
nearly the same effect on the excitations’? (Table 1) since the dif- 
ferences in absorption cannot then but be minor in nature.“ The only 
papers that would not conform to the conclusions are those of low 
saturation that owe their lack of saturation to wide deviation from the 
absorption spectra shown. These would perhaps be described as 
‘“‘queer”’ or “‘freak”’ colors and their very lack of saturation would render 
their use in rotary mixing highly unlikely. For ordinary demonstration 
of complementarism by rotary mixing, therefore, the conclusions may 
be regarded as general. 

The writer wishes to acknowledge his indebtedness to Professor 
A. D. Cole, under whose direction and advice the major portion of this 
work has been carried on. 


DEPARTMENT OF PuHysIcs, 
THe Onto State UNIVERSITY, 
CoLumsus, OHIO. 


Polarized Fluorescence and Phosphorescence.—The principal 
conclusion of this article is, that while there is a frequent correlation 
between increasing viscosity or rigidity of luminescent solutions and 
increasing degree of polarization of their luminescence-light (when the 
exciting light is plane polarized) the correlation is not by any means 
universal. In the first place, polarized phosphorescence was discovered 
to be a property of several new kinds of dyes in gelatine, in addition to 
the eosin in gelatine mixture for which it was first shown. It was then 
found that the polarization of the luminescence from these dyes in 


® All papers that the writer has used check out satisfactorily. This includes beside the 
Milton-Bradley assortment, a number of the Hering papers prepared by Stoelting. 

‘8 The papers of the Munsell Color System all yield absorption spectra fairly similar to 
those of Figs. 1, 2, and 3. See “An Examination of the Munsell Color System”’ I. G. Priest, 
Tech. Paper, Bureau of Standards, No. 167. 
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albumen, in collodion, and in alcohol increased as the viscosity of the 
solvent was increased, whether by driving off the more volatile com- 
ponents of the solvent (collodion) or by cooling it down to —185° 
(alcohol). On the other hand there were several cases of solid phos- 
phorescent and fluorescent substances, evidently dilute solutions of a 
luminescent material in a solid inert one, which showed no polarization 
at all; certain glasses, the Lenard phosphors, the boric acid phosphors. 
These last display rich and complicated phosphorescence spectra, 
which may have something to do with their behavior as regards polar- 
ization —{A. Carrelli and P. Pringsheim, Berlin; ZS. f. Phys. 18, pp. 
317-324; 1923]. K. K. Darrow 


The continuous Beta-ray Spectrum interpreted as due to 
Scattering of Gamma-rays.—Frl. Meitner accepts A. H. Compton’s 
conception of the process by which an x-ray is scattered by an electron, 
and imagines it as sometimes occurring when a gamma-ray quantum 
issuing from the nucleus of an atom encounters one of the orbital elec- 
trons belonging to the atom. Sometimes also the orbital electron may 
receive the entire energy of the quantum. The former effect is supposed 
responsible for the continuous beta-ray spectrum, the latter for the 
line spectrum. The higher the gamma-ray frequency and the less the 
extraction-potential of the electron, the more the former effect may be 
expected to predominate over the latter. This conclusion is in accord 
with observation —{L. Meitner, Kaiser-Wilhelm Institut; ZS. f. Phys. 
19, pp. 307-312; 1923]. Kart K. Darrow 


Statistical Equilibrium between Radiation and free Electrons, 
supposing Impacts between Electrons and Quanta.—Suppose that 
in an impact of a certain type between a quantum of frequency » and an 
electron of kinetic energy E, the electron acquires energy h(v—v’) and 
the quantum becomes a quantum of frequency »’; and that in an impact 
of a certain other type between a quantum of frequency »’ and an elec- 
tron of kinetic energy E+h(v—v’), the electron loses energy h(v—v’) 
and the quantum becomes a quantum of frequency v. Impacts of these 
two types must happen equally often in a hohlraum containing complete 
radiation in statistical equilibrium with an electron gas. Assume that 
impacts of the first type happen at a rate Nbp(a+b/p’), and that 
impacts of the second type happen at a rate N’bp’(a+bp); in which 
N and N’ are the numbers of electrons of energy E and E+h(v—v’), 
respectively; p and p’ are the radiation-densities at frequencies v and v’ 
respectively; and a and 6 are constants. Assume furthermore that 
N’=N exp (—h(v—v’)/kT). Equating the two rates we arrive at a 
relation between p and p’ which is compatible with Planck’s radiation- 
function if a/b=8xh/*/c?. This result can be generalized to a certain 
extent.—{A. Einstein, Berlin, and P. Ehrenfest, Leiden; ZS. f. Phys. 
19, pp. 301-306; 1923]. Kari K. Darrow 
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SPECTRAL CHARACTERISTICS OF TEST SOLUTIONS 
USED IN HETEROCHROMATIC PHOTOMETRY* 


By K. S. Grsson 
INTRODUCTION 


In 1915 Ives! proposed the use of certain yellow and blue solutions 
as a means of standardizing or calibrating individual observers in 
heterochromatic photometry relative to the average or normal 
observer: Fer the yellow, one centimeter of potassium dichromate 
aqueous solution, 72 grams of salt to one liter of solution; for the 
blue, one centimeter of copper sulphate aqueous solution, 53 grams 
of salt per liter of solution. The integral light transmissions of such 
solutions will vary with the light source used and also with the 
individual observer, the latter because different persons do not have 
the same relative sensibility for light in different parts of the 
spectrum. The concentrations above noted were so chosen that for 
the standard carbon lamps, 4 watts per candle, color temperature 
2077° K, the integral light transmissions of the two solutions should 
be equal for the average observer. For the individual observer, the 
transmission of the yellow solution divided by that for the blue 
solution gives a number called the Y/B ratio—unity for the normal 
observer, greater than unity for the red sensitive observer, and 
less than unity for the blue sensitive observer. In the photometric 
comparison of lights which are relatively blue or yellow, a group of 
observers should be chosen whose average Y /B ratio is unity, or the 
results of such measurements should be corrected so as to cor- 
respond to a ratio of unity. 

The idea was adopted at the Bureau of Standards. Ina thorough 
test involving 115 observers, Crittenden and Richtmyer? found that 
the concentrations chosen by Ives gave a Y/B ratio of from .977 
to .987 (depending on the method of averaging) instead of 1.000. 
As a result of these measurements, Ives* revised the concentration 
of the copper sulphate solution to 57 grams per liter of solution. 
Details regarding the technique of making the cells and solutions 

* Published by Permission of the Director, Bureau of Standards. 

1 Trans. IL. E. S., 10', pp. 203-208; 1915. 


* Bureau Standards Sci. Paps. No. 299; May, 1917. 
* Jour. Frank. Inst., 188, p. 219; 1919. 


113 





114 K. S. Grsson [J.0.S.A. & R.S.L., 9 


and the methods of use are to be found in the papers to which 
reference has been made. 

The purpose of the present paper is to give data on the spectral 
characteristics of these test solutions, and also, by computation of 
the Y /B ratio on the basis of various visibilities, to contribute addi- 
tional evidence as to the proper choice of standard visibility data. 

In the experimental use of these solutions, a knowledge of their 
spectral characteristics is unnecessary and this is doubtless the 
reason why precise spectral data have not been given. In his original 
paper, Ives gives curves for the solutions, but plotted to a small 
scale and obviously meant to be illustrative only. Moreover, the 
curve for the copper sulphate solution is for the 53 grams per liter. 
It is believed the data herein presented may be taken as standard 
for these solutions for use in all computations based thereupon. 

These measurements were made at the request of Mr. Crittenden 
and reported to him in April, 1923 (B.S. Test No. 36961-6). The 
experimental work was divided into two parts: (1) A study of the 
transmittances of the solutions, including the temperature effect; 
(2) a study of the transmissions of cells filled with the solutions. 
On the basis of the spectral data and for a color temperature of 
2077° K, integral light transmissions were computed as noted 
throughout the paper. Except where otherwise specifically stated, 
these integral transmissions are based upon the visibility values 
as recommended by Gibson and Tyndall.‘ 


TRANSMITTANCES OF THE SOLUTIONS 


The solutions were prepared by Miss R. M. Collins in January, 
1923, from materials obtained from the Baker and Adamson Chem. 
Co., with concentrations of 72.0 and 57.0 grams of salt per liter of 
aqueous solution, respectively, for the potassium dichromate 
(K2Cr.0;) and the copper sulphate (CuSO,5H.O). The measure- 
ments were made in April, 1923. Three methods were used: (1) 
photoelectric, from 400 to 520 mu, (2) visual,® from 500 to 650 mu, 
and (3) thermoelectric from 600 to 750 my. The transmission of a 
cell containing 2.000 cm of solution was measured relative to a 
similar cell with 1.000 cm of solution, these distances being correct 
within +0.001 cm. The ratio is the transmittance of the solution 
for 1.000 cm. Measurements were made at 20° and 35° C. 


* Bureau Standards Sci. Paps. No. 475; table 3, last column; 1923. 
* The visual transmissive measurements were made by Dr. M. K. Frehafer. 
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In Table 1 are given values obtained from smooth curves drawn 
through the observed points. The agreement between methods was 
very close (as indicated later on) and the smooth curve minimizes the 
small observational errors. The original report, in which the 
observed points were plotted, may be consulted by any one inter- 
ested. It did not seem feasible, however, to reproduce all the orig- 
nal data here, but to give only what is believed to be the best data, 
with the illustrative curves as in Fig. 1. 

The temperature changes in transmittance (for 10°) are also given 
in Table 1 and illustrated in Fig. 1° as also the integral light trans- 
mittances and the changes in these integral transmittances with 
temperature. Crittenden and Richtmyer’ measured this change 
in integral transmittance experimentally, with conclusions as 
follows: ‘‘Over the range considered the variation with temperature 
was found to be practically linear. The transmission of the potas- 
sium-dichromate solution decreased nearly 0.2 per cent per degree 
rise of temperature, while that of the copper-sulphate solution 
decreased about half as much.”” The two investigations agree very 
closely, therefore, as regards the effect of temperature. 


TRANSMISSIONS OF CELLS FILLED WITH THE SOLUTIONS 


Duplicate cells with clear colorless optical glass faces were filled 
with these solutions and sealed by “Miss Collins. Values of the 
thickness of the cells (i.e., the solutions in the cells) were given 
as 1.000 cm for the potassium dichromate and 1.002 for the copper 
sulphate solutions. 

The same methods of measurement were used as in the previous 
case, but over the following spectral ranges: photoelectric, 400- 
520 mu; visual, 500-650 my; thermoelectric, 530 to 750 my. The 
observed transmission data were corrected to 20° C by means of the 
temperature data previously obtained. The spectral transmissions 
of the cells with solutions at 20° C are given in Table 2 and Fig. 1. 
The integral transmissions and the Y/B ratio are also given in 
Table 2. 

The absorption band at 750 my, characteristic of water, may be 
noted in the K,Cr.O; curves of Fig. 1. The irregularities in the 
transmission curves, near 420 and 670 my, may obviously be ascribed 


5 The illustrations were made by Mr. C. L. Snow. 
’ Loc. cit. 
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Values of SPECTRAL TRANSMITTANCE, 1), of Test Solutions Used in 








Y=K,Cr,0; aqueous solution, 1.000 cm, 72.0 grams of salt to 1 liter of solution. 
B = CuSO,¢ 5H:0 aqueous solution, 1.000 cm, 57.0 grams of salt to 1 liter of solution. 





Y Solution 


B Solution 















































Wave- ! Integral Light 
Length || Transmittance, T 

in Ty T 20° —Ta0° Ty T20°—T a0” || Color Temperature 
millimicrons || (20° C) Tx" (20° C) Val | | of 2077° K 
400 0.000 0.993 0.000 «|| 

10 .000 .996 .000 | Ty=0.700 «& 

20 .000 .999 000 )=C || Ss Tg =0.710 

30 .000 1.000 000 «|| ~¥/B=0.986 

40 .000 1.000 .000 ! 

450 000 1.000 000 

60 .000 1.000 000 | 

70 .000 .999 000} o $s . 

80 .000 998 000 a 

90 .000 .995 000 * 

500 .000 .990 000 |, 

10 .000 982 000 

20 .000 970 000 (=) =0.0119 

30 .000 .955 001 =i ,Tx /B 

40 || 029 0.290 .934 002 

| 

550 .252 .167 .906 004 | 

60 608 089 868 006 

70 .840 044 .825 .008 

80 .932 021 | .774 010 |) 

90 977 .010 .716 013 | 

600 991 006 647 018 | 

10 .995 .002 564 0244 || 

20 .997 .000 479 032 || 

30 .999 .000 .394 041 i 

40 1.000 .000 311 .053 ] 

650 1.000 000 235 066 || 

60 1.000 000 174 081 || 

70 1.000 .000 .122 097 | 

80 1.000 .000 082 us| 

90 1.000 .000 .055 135 |] 

700 .999 .000 .036 157 | 

10 .997 .000 024 *180 || 

20 .993 .000 .016 * 205 

30 .986 .000 O11 * 23 | 

40 979 000 007 +255 || 

750 | 974 000 003 * 28 | 











* Extrapolated. 














Aug., 1924] Test SOLUTIONS USED IN PHOTOMETRY 117 


TABLE 2. Values of SPECTRAL TRANSMISSION, Ty, of Cells Filled with Test Solutions 
as Used in Heterochromatic Photometry 








Y =K,Cr,0; aqueous solution, 1.000 cm, 72.0 grams of salt to 1 liter of solution. 
B=CuS0O,'5H,0 aqueous solution, 1.002 cm, 57.0 grams of salt to 1 liter of solution. 





Cells Containing 



































Wave Y Solution | BSolution || Integral Light Transmission, T 
Length } 
in Ty Ty | Color Temperature 
millimicrons (20° C) (20° C) ! of 2077° K 
400 =|} ~—0.000 0.873 | 
10 000 879 Arithmetical Graphical 
20 .000 .870 \ 
30 000 871 || = Ty=0.624 Ty =0.623 
40 .000 873 || Ta=0.631 Tp =0.631 
450 000 875 | Y/B=0.989 Y/B =0.987 
60 .000 876 
70 .000 877 
80 000 878 | 
90 | .000 877 || 
| | 
500 || 000 3ms«S 
10 .000 868 | 
| 20 .000 859s 
30 .000 845 
40 026 827 || 
530 223 .804 
60 | 542 773,— || 
70 .750 737 
80 g3s | or | 
90 871 .639 i 
600 884 .575 | 
10 = || 887 503 | 
20 .889 428 || 
3 .890 350 || 
40 || 891 276 || 
650 } .892 .210 ] 
60 | .893 .155 | 
70 I .895 .109 | 
80 .900 .074 | 
9 ‘|| 903 050 || 
1} 
700 i .903 .033 | 
10 | 901 022 
20S} .899 015 
30Csi .892 .010 
40 | 888 .006 
750 886 .003 
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to the glass in the cells. The question may arise as to the applica- 
bility of these data when different glass cells are used, but this is, of 
course, the same as the practicability of the method in general. If 
colorless glass (not showing perceptible hue when viewed edgewise 
through a few centimeters) is used, the uncerta‘nties because of the 
glass should be negligible, provided the same kind is used for both 
cells. 

The values of integral transmission of cells filled with the solutions 
divided by values of integral transmittance for the same thickness 
of solution should give the integral transmission of the same cells 
filled with water and measured by light filtered through the two 
solutions. These values were found to be as follows: 

T/T (K2Cr.0;, 20° C)*=0.624/0.700=0.892 
T/T (CuS0,°5H,0, 20° C)=0.631/0.710 =0.889, 

Crittenden and Richtmyer’ found this quantity to be the same in 

both cases “‘within 0.2 per cent.”’ 


AccURACY ATTAINED 


Two indications of the reliability of the spectral data have been 
noted; viz., the agreements of certain computed quantities with 
those previously experimentally obtained by Crittenden and 
Richtmyer. In Table 2 is illustrated the accuracy of the arithmeti- 
cal method of computing integral transmission as compared with the 
graphical integration. There was no certain difference. Except 
in this case, all values of T and T have, therefore, been obtained by 
the arithmetical summation. 

The agreements between the different methods used in the spec- 
tral measurements preclude any large errors from this source. 
However, over part of the range in the case of the transmission 
measurements there were small but consistent differences between 
the values obtained visually and those obtained physically (i.e., 
by photoelectric and thermoelectric methods). While the data 
presented herein represent our best judgment in the matter, it is 
of interest to compute values of Y/B based on the physical data 
alone, which covered the complete range from 400 to 750 my. The 
following values were thus obtained: 

Ty =0.626, Tp=0.627;, Y/B=0.998. 

8 The actual figures used in this computation were 0.62436 and 0.69973 instead of those 
given. Likewise, throughout the paper, the complete numbers were retained in the various 
computations. 

* Loc. cit. 
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A comparison of these values with those of Table 2 shows that the 
values of Y/B given in Table 3 should be uncertain, because of the 
spectral transmission data, by not more than + 1 per cent. 


VaLuEs oF Y/B on Basis OF DIFFERENT VISIBILITIES 


In Table 3 are given values of Ty, Ts, and Y/B, computed for 
light of a color temperature of 2077° K, from spectral transmissions 
as given in Table 2, and on the basis of visibilities as noted in Table 
3. In some cases the spectral range of visibility data is limited to 


TaBLe 3. Integral Light Transmissions and Y/B Ratio 
Spectral Energy Distribution—Planckian Radiator at 2077° K 
Spectral Transmissions—Table 2. 
Visibilities—As noted 

















Visibility \-range com- 
| puted (milli-| Ty Tp | Y/B 
Investigator Reference microns) | (K2CrzO;) | (CuSO,) 

Coblentz and B. S. Sci. Pap. 400-750 | 0.636, | 0.624 1.020 
Emerson No. 303, 1917 | | 

Ives—Phys. Jour. Frank. Inst. 400-690 | (.631) | (.634) | (.995) 
Phot. Sol. 188, p. 220; 1919 | 460-720* | 632 | .632 | 1.000 

Ives—Equation Jour. Frank. Inst. 400-700 | (.628) | (.631) | (.996) 
Recommended 188, p. 220; 1919 

Nutting— Jo. Opt. Soc. Am. 400-700 | (.6285) (.632) | (.995) 
Revised Data 4, p. 58; 1920 

Gibson and Tyndall) B. S. Sci. Pap. 400-750 .624 | .628; 9935 
—Experimental No. 475; 1923 | | 

1. E.S.— | Trans. I. E. S. | 400-750 | .626, | .632 | 991, 
Adopted | 13, p. 523; 1918 | | | 

Gibson and Tyndall) B. S. Sci. Pap. 400-750 6244 | .631 | .989 
—Recommended | No. 475; 1923 

Priest— | B.S. Sci. Pap. 410-750 623; | 634 983 
Adopted | No. 417, 1921 

Ives—Experimental | Phil. Mag. (6) 440-680 (.6165) | (.633;) (.973) 

| 24, p. 859; 1912 

Hyde, Forsythe, | Astro. Jour. 400-750 613 | Al; .956 

Cady | 48, p. 87, 1918 | 














* Transmission of physical photometer solution is zero from 400 to 450. Values extrapo- 
lated from 700 to 720. 


an extent that makes the third decimal in the computed value of 
Y/B very uncertain. Such values are put in parentheses. The 
following points may be noted: 

(1) As previously stated, the uncertainties arising from the 
spectral transmission data are believed not greater than + 1 percent. 
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(2) By a reasonable extrapolation of the published transmission 
data of the physical photometer solution (from 700 to 720 my) the 
) /B ratio for this solution is exactly 1.000. 

(3) The I. E. S. values and Gibson and Tyndall’s recommended 
revision of these values give Y/B ratios differing but slightly from 
each other and deviating from unity by about 1 per cent. 
































1.03 | 
1.02 Coblentz and Emerson 
k 
f ° 1.01 
- 
f < 
ae Ives--Phys. Phot. Sol. ‘*d —- ves--Equation, Recommended 
e & Nutting--Revised Data 
> 99 LE.S.--Adopted Mean o and 7; £ imental 
= OGibson and Tyndall--Recommended 
Priest -- Adopted 
98 
O Ives--Experimenta: 
97 
36 
© Hyde, Forsythe, and Cady 
95 
579 580 581 582 583 584 























SPECTRAL CENTROID-- A_--millimicrons 
© Values based on complete spectra! data 
: O Values approximate because of incomplete spectral data 


Fic. 2. Comparative values of Y/B and d, for light of a color temperature of 2077°K. 


(4) The other values, including the highest (Coblentz and Emer- 
son’s) and the lowest (Hyde, Forsythe and Cady’s) are more’ or 
less consistent with the values of \, (the spectral centroid, or wave 
length center of gravity) as previously computed.” Values of Y/B 
are plotted against values of \. in Fig. 2. 

The values of Y/B, therefore, are largely confirmatory of the 
> evidence obtained from a study of the respective values of X., 
although in some cases showing a discrimination not obvious before. 

BUREAU OF STANDARDS, WASHINGTON, D. C. 








1 Gibson and Tyndall, loc. cit. 
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The Polarimeter and its Practical Applications.—In this 30-page 
article the chief of the optical division of the Bureau of Standards gives 
a review of the subject of polarimetry and its applications. After a 
brief summary of the properties of polarized light, some half dozen 
polarizers and analyzers are described and the methods of using 
retardation plates and compensators dealt with. The Cornu-Jellet 
and Lippich type brightness match azimuth polarimeters are illustrated 
and their application to saccharimetry, photometry, colorimetry, and 
pyrometry outlined. Following a treatment of the elliptic compensator 
and half-shade, Tool’s method of measuring both the azimuth and el- 
lipticity is dealt with and a brief description given of a “universal 
polarimeter” constructed at the Bureau, further details of which are to 
be published shortly. The article concludes with a discussion of the 
applications of the general polarimeter to the measurement of the 
optical constants of absorbing media, the analysis of complicated 
mechanical stresses and the determination of the lack of optical 
homogeneity of. glass. 

The numerous diagrams are clear and the limitations and range of 
usefulness of most of the instruments mentioned is pointed out.—{C. 
A. Skinner, Jour. Franklin Inst., 196, pp. 721-50, 1923.] 

L. BenR 


Ultraviolet Spark Spectra of Pb, Bi, Sb and Tl.—Condensed 
sparks in nitrogen at atmospheric pressure were used as source of 
radiation. 23 new lines of Pb in the range 1331-1682A; 11 of Bi in 
1346-1691A; 20 of Sb in 1350-1735A; 14 of Tl in 1321-1470A. Certain 
of these which show self-reversal are known to be arc lines, and the 
hypothesis that all self-reversed lines belong to the spectrum of the 
neutral molecule is being used as a guide in interpreting the results.— 
[L. Bloch and E. Bloch; C. R. 178, pp. 472-474; 1924.] 

K. K. Darrow 


Relative Numbers of Electrons in the three L-Levels of the 
Gold Atom.—Dauvillier’s note is too concise to be clear, but it appears 
that he has measured the amount of the increase in absorption occurring 
when the frequency of incident x-rays is raised just past the critical 
value at which electrons can be extracted from the Li, or L2, or L; level 
as the case may be; he has probably assumed that the extra number of 
quanta absorbed in each case is proportional to the number of electrons 
in the level in question; and has calculated that the numbers m, m2, m; 
in the three levels stand in the ratios 2:1:0.78. Supposing 8 electrons 
altogether, these are most nearly compatible with the arrangement; 
4 electrons in the L; level, 2 electrons in the Lz level and 2 in the L; 
level —{A. Dauvillier; C. R. 178, pp. 476-479; 1924.] 

K. K. Darrow 
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AN EXPLANATION OF PECULIAR REFLECTIONS 
OBSERVED ON X-RAY POWDER PHOTOGRAPHS 


By Ricuarp M. Bozortu 


Powder photographs! of several substances have shown two well 
marked effects besides those covered by the ordinary explanation. 
The first is a diffuse band about half-way between the line produced 
by the undeflected beam and the first line of the diffraction pattern. 
The second is a group of straight lines about 4 mm. long, scattered over 
a large part of the film; in cases where these are prominent the ordinary 
pattern is faint or absent. 

These anomalous effects can be explained in accordance with the 
ordinary laws governing x-ray reflections. It is especially desirable 
that this be done because no simple explanation of these effects has 
as yet been given although one or both of the phenomena have doubt- 
less been observed by many users of the method. One explanation 
which has been suggested’ is based on assumptions more radical than 
those now found necessary. An effect possibly closely related to those 
explained here is still under discussion.’ 

The explanation here offered will be iJlustrated by photographs taken 
with several samples of permalloy, containing about 80% nickel and 
20% iron. This alloy has the face centered cubic structure‘ of nickel. 
The first photographs to be discussed were obtained with a sample 
which had been hard rolled, the remainder of the samples used had in 
addition been annealed in vacuum for one hour at 1100°C. Similar 
photographs of both kinds have also been obtained with samples of 
iron, nickel and copper.” 

It is assumed that in addition to the characteristic molybdenum 
doublet (A, =0.708 A, A2.=0.712 A) the x-ray spectrum contains, in 
spite of the zirconium filters, some radiation of wave-lengths con- 
siderably shorter than the K critical absorption wave-length of zir- 


! The apparatus used was that purchased from the General Electric Company. The beam 
of X-rays, issuing from a molybdenum target, passes through two zirconium oxide filters 
before reaching the photographic film. 

*L. W. McKeehan, J. O. S. A., 6, pp. 989-97; 1922. See also Chemica! Abstracts, 17, 
p. 681; 1923. 

* Clark and Duane, Proc. Natl. Acad. Sci., 8, pp. 90-6; 1922; Science, 58, pp. 400-2; 1923. 
See also Wyckoff, Science, 58, pp. 52-3; 1923; Am. Jour. Sci., 6, pp. 277-87; 1923. 

*L. W. McKeehan, Physical Review, 2/, pp. 402-7; 1923. 
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conium, 0.687 A, extending to the limit corresponding to the peak 
voltage on the x-ray tube which for.a root mean square voltage of 
30,000 is 0.29 A. That some such radiation must be present is indicated 
by the large number of spots on a Laue photograph obtained in this 
apparatus with x-rays that had passed through one zirconium filter. 


B P 
(a) ilies 














(b) 











Fic. 1 


The first anomalous effect is produced by reflection of this general 
radiation from some set of principal planes of a sufficiently fine-grained 
sample. Since in the particular samples under discussion the first and 
Strongest line of the ordinary powder photograph is produced by 
reflections from (111) planes, these planes will also be most effective in 
reflecting general radiation. The Jowest effective wave-length may then 
be calculated from the position of the inner edge of the diffuse band, 
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substituting in the Bragg relation, nh=2d sin 6, the experimental 
values djiy,,=2.04 A., 0=4.2° andn=1. This gives \=0.30 A., which 
is, as might be expected, slightly greater than the wave-length corre- 
sponding to the peak voltage. The band is most intense at about A = 0.40 
A, and is of noticeable intensity as far as \=0.49 A, a value very close 
to the critical absorption wave-length of Ag, 0.487 A. 

A second photograph was taken with the same sample, but with the 
x-rays filtered by a screen containing iodine in addition to the one 
containing zirconium. The A critical absorption limit of iodine was 
well marked; the wave-length calculated from the position of the edge 
of the band on the film is 0.39-A, in fair agreement with the accurately 
determined value, 0.374 A. 





Fic. 2 


If the individual crystals of the sample are large enough, their 
number will not be sufficiently great to produce a band on the film, but 
each favorably oriented crystal will, as in a Laue photograph, pick out 
from the incident radiation a narrow band of wave-lengths and produce 
an image of the focal spot, in this case a thin line slightly broadened in 
the middle. Photographs with drastically annealed samples do in fact 
show such a change in the appearance of the anomalous reflections. 
Fig. 2 is a reproduction of such a photograph. The inner limit of occur- 
rence of focal spot images is found to correspond roughly to the inner 
edge of the diffuse band due to samples of the finer structure. The 
directions of such line-images of the source are restricted in the 
following way: 

In Fig. 1(a) let S be the center of the reflecting sample and let the 
focal spot of the target, as viewed from S, subtend the arc AB on a 
sphere, as shown. Let SP, SQ, SR be three mutually perpendicular 
radii of this sphere so chosen that AB is bisected by P and lies along 
the great circle PQ. Let there be a small crystal at S so oriented that 
x-rays passing along PS, which would again cut the sphere at P, if 
undeflected, are reflected to a point P: on the great circle PR. It is 
clear that if the crystal is small enough, and if the range of wave-lengths 
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is great enough, rays from A and B will be reflected to points A» and 
B, lying on a small circle through P, parallel to the great circle OR, 
whose poles lie at P and P;. 

Suppose now that the crystal be rotated about SP, through any 
angle, and let the new positions of the reflections which fell at P2, As, 
B2, be now at P;,A;, B;. The angle of rotation is seen to be P,P; P3. 
Also select a point A’, distant PA from P and lying on a great circle 
PQ’ perpendicular to the great circle PR’P;. The relation of A’ to the 
plane PSP; and the new position of the crystal is precisely that of A 
to the plane PSP, and the old position of the crystal. If therefore an 
incident ray A’S fell on the crystal at its new position it would be 
reflected to A’s lying on the small circle with pole at P,, previously 
defined. From the nature of specular reflection AA’=A;A’;, PA = 
P;A;, PA’ =P;A';, therefore (A;P;A’s;= { APA’, and the line A2Bo, 
which may be regarded as an image of the source formed by reflection, 
has been turned with respect to the line through its center drawn 
tangent to the small circle with pole at P;, through an angle equal 
to that through which the crystal was assumed to rotate about SP. 
What amounts to the same thing, we always have (A;3P3P,= {P3P,A; 

If a strip of photographic film is bent so that its center line is tangent 
to the sphere along the great circle P,P, the images formed on this film 
will satisfy the above condition with a negligible error provided P; 
is not toofarfrom P:. Fig. 1(b) shows the position of any image on such 
a film. Here A,B, is the line which would be produced on the film by 
undeflected X-rays passing through S. This is also the position of 
the shadow actually cast by S. The lines A;B;, A,B,, represent reflec- 
tions due to two differently oriented crystals. The diagram is in agree- 
ment with the result derived above in that (A;P;P,;= {P3P,A; and 
LA,PPi = £P4PiAi. 

In the case of an extended sample the point P, in Fig. 1(b) is no 
longer definitely localized but merely is known to Jie somewhere within 
the geometrical shadow of the sample. This permits a certain range of 
orientations of the images at any point of the picture, as shown in the 
photograph reproduced in Fig. 2. The photographs reproduced in 
Fig. 3 (a) and (b), show respectively the effects observed with unfiltered 
x-rays on photographic plates perpendicular to P P, at P,, with a very 
small specimen, and with one having a single dimension not negligible 
with respect to the radius of the photograph. In Fig. 3 (a) it is seen 
that images lie with considerable accuracy tangent to a family of 
ellipses passing through the center of the shadow and having their 
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foci on a line perpendicular to the direction of greatest length of the 
image or shadow at the center. On the other hand, in Fig. 3(b) which 
corresponds more nearly to Fig. 2, the range of positions observed at 
each point of the photograph depends upon the angle subtended at 
that point by the length of the shadow. 





Fig 3(@) Fig. 3(6) 
Fic. 3 
SUMMARY 


Certain peculiar effects observed on powder photographs have been 
explained in accordance with the well known laws governing x-ray 
reflections. Several experiments and calculations show that the molyb- 
denum x-ray spectrum, although filtered by zirconium screens, con- 
tains in addition to the characteristic Ka radiation a considerable 
amount of general radiation. It is explained how this general radiation, 
reflected from crystallographically important planes, produces the 
effects under discussion. 

RESEARCH LABORATORIES OF THE 

AMERICAN TELEPHONE AND TELEGRAPH COMPANY, AND THE 


WESTERN ELEctTric Company, INCORPORATED 
Fepruary 4, 1924 
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The New Physics.—By Arthur Haas, Professor of Physics in the Uni- 
versity of Leipsig—Translated by Robert W. Lawson. xi+165 pages. 
E. P. Dutton and Company, New York. +2.50. 


It is the avowed purpose of this book “to describe the picture of 
nature revealed by modern Physics in the most intelligible manner 
possible, and without the use of any mathematical formulae.” Only 
such subject matter is included as is essential to clear exposition. 

The book opens with a rather complete and semi-historical chapter 
on the Electromagnetic Theory of Light. Then follows what is prob- 
ably for the layman, the best chapter in the book: Molecular Statistics. 
The treatment here is particularly clear and non-technical. Next come 
three chapters, viz: The Electron Theory; The Quantum Theory; and 
The Theory of the Chemical Elements, which reveal “the new physics,”’ 
in up-to-date (February 1923) form. The concluding chapter is on 
The Theory of Relativity, to which subject is given much more space 
(32 pages) than its relative importance in Modern Physics seems to 
require. To state the mathematical fictions of relativity in the cate- 
gorical language of real physics, the real experimental physics of the 
electron and the quantum, is to expect a great deal of the credulity of 
the layman, for whom the book is intended. 

Much of the book—but not all of it—will be understood by the well 
educated reader who has had a brief training in Physics but who is not 
familiar with modern development and terminology. But one may 
question the wisdom of attempting to write a book of this kind without 
algebraic, or geometric, symbols. The reader who would not under- 


understand the equation m -; £ * would probably not understand 


the phrase ‘“‘the quotient of the square of the charge and the radius 
(multiplied by) 2/3 and (divided by) the square of the velocity of light” 
(Page 52), especially since the latter is open to misinterpretation. This 
is, however, by no means a criticism of the style of exposition, which is 
all that could be desired, particularly as regards clearness and concise- 
ness. 

Special mention should be made of a short chronology which gives a 
number of important dates in Physics from 1820 to 1920; and of a 
“‘Name Index” giving dates of birth (and of death of deceased physi- 
cists) and location of those men whose work has been mentioned in the 
text. 

It is suggested that the book will very probably make a strong appeal 
to the student of modern physics, who, though familiar with the facts 
recited, will nevertheless be interested in the viewpoint taken on the 
various subjects and the relative emphasis given thereto. 

F. K. RICHTMYER 
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THE EINTHOVEN STRING GALVANOMETER, 
A THEORETICAL AND EXPERIMENTAL STUDY* 


By Horatio B. WILLIAMS 








INTRODUCTION 


More than twenty years have elapsed since Einthoven described his string galvanometer 
(1) which has come to be widely used in physiological laboratories as well as in hospitals and 
clinics. Among those who are familiar with this instrument the question has often arisen why 
it has never come into general use among physicists and engineers. There are probably a 
number of reasons. Einthoven’s original instrument was designed to meet his own laboratory 
requirements without regard to the problem of future duplication and it did not prove attrac- 
tive to instrument makers on account of the cost of production. When the importance of the 
work being carried on in the Leyden laboratory created a demand for string galvanometers in 
other institutions, instrument makers attempted to design models of less expensive type. 
The designers of these instruments were at a disadvantage in having had no experience in the 
actual use of a string galvanometer and none of these early models approached Einthoven’s 
original instrument in convenience, sensitivity or precision. The writer still has vivid recollec- 
tions of his astonishment at seeing the performance of the Leyden instrument after having 
worked for two years with one of the early commercial types. These early models were by no 
means inexpensive and still cheaper designs were put out, sometimes, unfortunately, with 
extravagant claims to the effect that they were fully equivalent to the Leyden instrument. On 
account of their low price some of these found their way early into physical laboratories 
and being entirely unsuited for serious work they tended to discredit the string galvanometer 
and create an impression that it is a troublesome instrument to handle. This was particularly 
regrettable as it has probably prevented the inception of much useful investigation. 

Some ten years ago fortuitous circumstances led the writer to undertake the design of a 
string galvanometer intended to approximate the good qualities and performance of the 
original design of Einthoven without presenting as much difficulty from the standpoint of 
manufacture. The success which attended this effort has led to the design of two other types 
one of which is still undergoing development. These will be fully described in a subsequent 
section of this series of papers. In the course of this work much data has been amassed 
regarding the physical constants of these and other models of the string galvanometer and 
some new methods of determining important constants have been developed. No systematic 
study of the constants of any string galvanometer has been published so far as the writer is 
aware except the very complete data regarding the Leyden instrument communicated by 
Einthoven (2, 3). It seems desirable therefore, to make some of this material available in 
connection with the description of the new designs above referred to, especially as these data 
relate to instruments now widely used. One of the Editors of this JourNAL suggested that it 
might be wise to extend the scope of the paper so as to include the mathematical theory, 
general principles of design and construction and a discussion of applications other than 
physiological for which the string galvanometer is especially suitable. The theory of the 
instrument has been treated by several authors, (2, 3, 4, 5, 6, 7, 8) and it was the writer’s 


*This paper deals with the theory. A second paper will follow at an early date. 
129 
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original intention not to discuss it. It has seemed best after consideration to do so, partly 
because with the single exception of Crehore’s paper, all discussions of the theory have been 
printed in foreign languages and some in journals not readily accessible to engineers and physi- 
cists. Einthoven’s original discussion of the theory assumes that the string galvanometer may 
be regarded as a system with but one degree of freedom. An analysis based on this assump- 
tion actually gives a sufficiently close approximation to serve as a basis for the use of the instru- 
ment, but leaves doubts regarding certain points until these have been disposed of by a more 
general analysis. Hertz (4) attempted a general analysis, but the usefulness of his work was 
limited by his apparent unfamiliarity with the actual instrument. Fahr (6) sets up the partial 
differential equation, but avoids it and proceeds to treat the problem by means of an ordinary 
differential equation, which again limits the generality of the result to a single degree of free- 
dom. His paper is excellent and very practical and it is unfortunate that, although written 
by an American, it was published in a German journal which limits its accessibility. The first 
really gen eral treatrrent of the theory is that of Crehore, (7) but his paper seems to have 
proved difficult reading to many, perhaps on account of its condensed form and the use of 
the normal co-ordinate notation which is unfamiliar to most engineers. Crehore’s equations 
have been left in a general form which fails to make evident to the average reader the manner 
in which they might be applied to a concrete problem and he has raised one question regarding 
the effect of the partial modes of the string’s vibration on the accuracy of the records which 
seems to require further investigation, particularly as the case treated by him, that of an 
uniform magnetic field, differs measurably from the actual working condition. His discussion 
of the partials seems to have raised doubts as to the availability of the instrument for precise 
analysis of wave form and similar applications without supplying data for a decision. There 
has recently come to the writer’s attention a paper by Pochettino (9) which the reader who is 
familiar with Italian will do well to consult. The paper is short and for the sake of simplicity 
treats the problem on the basis of one degree of freedom, first, however, indicating the lines of 
development of the general theory. 

It seems desirable in view of what has been ment'‘oned to attempt to treat this subject once 
more with sufficient generality to answer the questions of practical interest not covered by the 
approximate theory. The writer is an experimentalist and makes no pretense to proficiency in 
the application of mathematical analysis. For this reason he has hopes that the paper may 
not present serious analytical] difficulties to other experimentalists whose mathematical attain- 
ments may be of the same general order of mediocrity as his own. In order to make more 
certain of meeting the needs of the class of readers for whom it is written, it is proposed to include 
more of the steps of analysis than is usually done in theoretical papers. In order not to divert 
attention from the main issues, these intermediate steps will be developed in an appendix to 
which reference will be made by small letters, a, b, etc. Citations of related matter in standard 
treatises on mathematics and mathematical physics will also be made. The method of 
applying the results to concrete problems will be indicated and illustrative examples will 
present themselves naturally in connection with discussion of the actual instruments. 

It is a matter of some difficulty to make proper acknowledgment of the sources of mathe- 
matical methods used. These have come to be more or less common property. The following 
well known works have been freely consulted: Thomson and Tait’s Natural Philosophy, 
Rayleigh’s Theory of Sound, J, chapters III-VI inclusive, Byerly’s Fourier’s Series and 
Spherical Harmonics, Forsyth’s Treatise on Differential Equations and Williarson’s Integral 
Calculus. In particular the complementary function of equation (8) has been taken with a 
slight transformation from Professor Byerly’s book, p. 115. The solution of (7) for small 
values of the damping is well known as it is one of the important equations in the theory of 
sound. The solutions tor critical and more than critical damping I have not seen in the 
literature, though it would be remarkable if they have not been given. The solutions (10) 
and (16) are original. I am indebted to Professor Laws for several valuable suggestions gleaned 
from his discussion of the theory of moving coil and moving magnet galvanometers in his book 
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on Electrical Measurerrents. My obligation to previous writers on the theory of the string 
galvanometer is obvious, but particular mention should be made of Dr. Crehore’s paper. 


PART I. THE MATHEMATICAL THEORY 


1. STEADY CONTINUOUS CURRENT, EQUILIBRIUM. 


For the purpose of this part of the discussion, the string galva- 
nometer may be described as consisting of a fixed magnetic field of 
considerable strength, 20,000 gauss or more, uniform in the direction 
of the string’s motion and fairly so in the direction of its length. 
In this field is stretched a very light conductor, usually a quartz 
fiber coated with a thin layer of silver or gold. The usual diameter 
of these fibers is from .001 to .0025 mm. The motion of the fiber 
is magnified by means of a microscope introduced through a per- 
foration in the middle of the polepiece, the opposite polepiece being 
likewise perforated for a similar microscope used to illuminate the 
string. The magnified shadow may be observed directly, or pro- 
jected, and its motion when too rapid for visual observation, may 
be recorded photographically after the manner familiar to users of 
the oscillograph. Micrometric adjustment is provided for altering 
the tension of the string and in this manner the period and sensitiv- 
ity of the instrument may be altered over a wide range. 

We shall first develop the equations which apply when a steady 
continuous current has flowed through the string long enough so 
that equilibrium has been established. In this section of the paper 
we may assume that the field is perfectly uniform. The actual dis- 
tribution of the field and its effect on the string’s motion and also 
a method for determination of the uniform effective field in which 
the steady deflection for continuous current will be the same as in 
the actual field will be considered later. 

Let H be the strength of the effective field in gauss, 

I, the steady continuous current in cgs units, 

’, the deflection of the middle point of the string in centi- 
meters, 
the length of the string in centimeters, 
the linear density or mass per unit length of the string 
in grams per cm. 
the free period of the string in seconds, without damping, 
the tension on the string in dynes, 
the radius of curvature of the string at any point, in centi- 
meters. 
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The force acting on any elementary length, dl, of the string, 
is HIdl. Under the condition of equilibrium, this is balanced by 
the elastic restoring force due to the tension on the string. The 
tension is assumed to be so great that the slight increase in it due 
to the deflection, which is assumed small, is negligible in comparison. 
We proceed to find an expression for this restoring force. 

In Fig. 1, 7; and 7; represent the tensions acting at the ends of 
an infinitesimal arc, di, of the string, and may be regarded as pro- 
longations of the tangent lines at the ends of the arc. The elastic 
restoring force is evidently numerically equal to the normal com- 


ee FS Eee: 


Fic. 1. 


ponent of these tensions, Ndl. Take T as the arithmetical mean of 
the two tensions, T; and 7:2, which in no case can differ greatly 
since the arc is infinitesimal. @ is the angle through which the tangent 


line turns in passing from one end of the arc to the other, this angle 
differing by an infinitesimal amount from zero. Then } No sin 5 . 
orNdl=2T sin 5 Since @ is an infinitesimal angle, sin 4 is equal 
to S and Ndl=T@. By the definition of an angle in terms of the arc 


subtended and the radius of curvature, 6=dl/r, whence, 


T 
Ndl=—dl (1) 
Tr 


(1) may be stated in words, thus: the normal component of the 
tension over any elementary length of the string is numerically 
equal to the average tension throughout the elementary length 
divided by the radius of curvature at this element. (Appendix a). 

When no current is passing through the string, the tension is 
uniform throughout its length. If the impressed forces have tan- 
gential components, then in the deflected position these tangential 
components will act along the string to produce variations of tension. 
In the uniform field in which we assume the string to be, the forces 
act everywhere perpendicular to the lines of force and perpendicular 
to the string. 
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The curvature will be in a plane at right angles to the lines of 
the fixed field. Initially all the forces acting on the string are parallel 
to each other since the undeflected string is straight. So soon as 
deflection begins to take place a new disposition of things arises. 
If the string were like a cha‘n or cable, stretched horizontally and 
acted upon by gravity, the forces would remain parallel to each other 
as deflection takes place. The force acting between a flexible con- 
ductor carrying current and a fixed homogeneous field at right angles 
to it is everywhere perpendicular to each elementary length of the 
conductor. This is true in deflected as well as in undeflected positions. 
Since the forces are everywhere at right angles to each element of 
length of the string, it follows that the tangential components of 
force are everywhere zero and the tension, 7, is constant throughout 
the string in deflected as well as in undeflected positions. From (1) 


, i : 
we have that the normal component of tension, Ndl = 7a, and this 


is equal to the impressed force, HIdl, over the same element of 
length since the forces are in equilibrium. S nce (1) the current 
through the string has everywhere the constant value J, (2) the field 
has everywhere the constant value H and (3) we have shown that 
the tension is uniform, we may dispense with the differential nota- 


tion and write simply, z = HI per centimeter length. Hence we 
see that 


(2) 


That is, the reciprocal of the radius of curvature is a constant. 
The reciprocal of the radius of curvature is a measure of the curva- 
ture and the curve of constant curvature, (radius of constant length), 
is a circle. 

The form of the string when deflected by constant current in an 
uniform field is therefore a circular arc. (Appendix, b). 

In Figure 2, let AC be the undeflected string of length 1=AC 
and let ABC be the circular arc into which it is deflected by the 
e'ectromagnetic forces when it is traversed by the current, J, in 
the fixed field, H. The deflection of the middle point, B, from the 
position it occupies when the string is a straight line, we shall call U. 
Ois the center of the circular arc and OB, OA, are radii, equal to r. 
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From the geometry of the figure we deduce without difficulty, 


neglecting the square of the ows U, that 


3U 
(See appendix c). 
Equation (2) may be written, T = H/r and on substituting in this 
the value of r, just obtained, we have, 


HIP? 
730 “7 








Cc 
Fic. 2 


The equation connecting the length, linear density, tension and free 


undamped period of a vibrating stretched string is, ro = 21 4/ 4 


We shall derive this equation later in connection with the solution 
of the equations of motion of the string. For the present we shall 
assume it. (It can be found in almost any elementary discussion of 
acoustics). From it we readily obtain, 
_ 4m - 
= (3) 
To 
Equating the right hand members of (4) and (5), /? drops out and 
we obtain, 
32m U 
7 Ir? 
It is obvious that this equation may be written in various 
forms in order to get any one of the quantities involved in terms of 
the others. As it stands, it indicates a method of determining the 
field strength experimentally. This method will later be described 
in detail and for the present it may be assumed that all of the 


H (6) 
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quantities in (6) are readily determinable with a good degree of ac- 
curacy. 


2. THE EQUATIONS OF MOTION 


The partial differential equation of motion of a stretched string, 
subject to the action of a periodic impressed force and to damping 
forces of frictional or other nature which may be treated as simply 
proportional to the velocity of the string’s motion, is, (Appendix d), 

Ou =k du ou LAA 


a Sex # 
san iliicnie anes. <ectlaatibe 0 — cos nwt * sin—- (7) 
ot? m oat fe onal s=l mM l 


In this equation at= and w=2zf, f, being the fundamental fre- 


quency of the periodic impressed force; t, is elapsed time, u, the or- 
dinate, and x, the corresponding abscissa of any point on the string, 
the origin being taken at one end of the string and the zero position 
of the string as coincident with the X-axis. J, is the maximum 
amplitude of any harmonic component of the current through the 
string, m, being the order of any harmonic and equal to unity for 
the fundamental frequency. The length of the string, as before is, /, 
k, is the coefficient of damping, and includes all damping from what- 
ever cause. s, is an integer which may be interpreted as representing 
the order of any partial mode of the string’s vibration. The double 
sign of summation indicates that a doubly infinite series of equations 
of this form must be written to express the motion completely, 
corresponding to the infinite number of values which m and s can 
separately assume, the second member of the equation representing 
any periodic force acting at every point of the string. The factor, 
sin =; indicates that the shape of the string will be represented by 
a series of sine curves such that for x =0 and x =/, the deflection will 
always be zero. 

The cosine factor in the second member indicates that we may 
assume the periodic impressed force to be made up of an infinity of 
simple periodic terms to each of which there corresponds a particular 
value of J,. We might have represented this force by a series of 
sine terms, but it may assist in avoiding confusion with the terms 
expressing the shape of the string to use a cosine series for the 
force. The shape of the string could also have been expressed in 
cosine terms, but in that case the origin would have to be taken at 
the middle point of the string instead of at the end. The results 
would always be the same. In general a Fourier series is made up 
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of both sine and cosine terms. The string galvanometer like other 
electromagnetic devices can have no even harmonics developed, on 
account of the manner of application of the force. This is so well 
and generally understood that further discussion of it seems super- 
fluous. For the sake of simplicity in the form of the equations it 
has been assumed that the impressed force contains no even har- 
monics as would likely be the case if it is produced by electro- 
magnetic devices. Since the origin of time may be taken anywhere 
we are at liberty to represent the force by either sine or cosine terms 
at will. 

The solution of (7) assumes three distinct forms according to 
the relative values of the restoring and damping forces. Regarding 
the restoring force as constant, the damping may be, 

(a) insufficient to prevent oscillations, 
(b) just sufficient to prevent oscillations, 
(c) more than sufficient to prevent oscillations. 

For condition (a), the solution is, (Appendix d), 


s*r7q? 
— jan cos (1 fa a 


~~ hon?s2xr? g? a’* 


; k _ Sax syed aa 
—tan ‘ I faa act fy ) sin 
P: 0 


+> 7 


22 2 2 ata? 2652 ; 
> 2, Wurm —% 


knw 
nwf—tan—! Sx 


s*x2q? sin—— 
m — n* l 
]2 


The first term of this solution, the complementary function, defines 
a transient motion dependent upon the properties of the moving 
system solely. -The second term, or particular integral defines the 
forced motion which the system will be constrained to execute when 
the particular force represented by the second member of (7) acts, 
and after enough time has elapsed to permit the transient motion to 
decay to an insignificant amount. For a short time after the periodic 
force begins to act the motion will be defined by both terms of the 
solution. The forced motion depends upon the nature of the im- 
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pressed force and also upon the character of the moving system. 
The assumption of a periodic impressed force is perfectly general 
provided we consider that the period may be infinite, that is the 
force may be due to a steady continuous current, or the force may 
be zero, which does not necessarily imply that nothing will happen, 
but rather that a force is removed entirely while the string is in 
some deflected position. The solution for the latter condition is 
simply the complementary function and in the case of less than 
critical damping, this term contains trigonometric functions which 


indicate that the deflection subsides in a series of oscillations. 
kt 


e im is a factor of the entire complementary function and expresses 
the law of decay of the motion. The letter e, is the base of the 
natural system of logarithms and the negative sign shows the ex- 
pression to be a fraction which diminishes without limit as time 
elapses. 

The period of the natural vibrations of the string under damping k, 
Qn 


is for the partial of order s, PH ae k®? | The fundamental 


. 4m? 
derived from the above by 


putting s=1. 

It is evident that one of the effects of damping is to increase the 
period. Since the damping of the fundamental in the string galva- 
nometer is always large, this effect will be marked. Since s*isa factor 
of the restoring force term and not of the damping term, the former 
increases with the order of the partial while the latter does not. As 
a result the partials will not be exact multiples of the fundamental 
and so, strictly speaking, not harmonics. We shall refer to them 
throughout as “partials” as this will tend to prevent confusion of 
them with the harmonics of an impressed force. 

The period without damping for the partial of order s, is 

2x 21 
[eee and the fundamental period without damping 


Sa 
]2 


, 21 , : T er 
is, ro=—, Or, putting for a, its value ft, T9=2l NV E- which 


is the equation from which equation (5) was derived. 
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The term, tan-' 7snig? BP in the complementary function, 
S*3r*°a* “4 


is known as the phase angle term. Its presence shows that the motion 
of the string when executing natural vibrations lags behind the forces 
due to tension and inertia which produce the motion. In this term 
also s is a factor of the restoring force and not of the damping force 
so that the various partial modes of vibration will not remain in 
phase with each other as the motion dies away. There is also a phase 
angle term in the particular integral which is of more practical im- 
portance in that it gives a measure of the amount by which the 
motion of the string will lag behind the impressed forces when it is 
performing forced vibrations. The expression for the tangent of 
this angle shows that the amount of lag will be different for each 
different order of harmonics in the impressed force. Many writers 
on the theory of recording instruments have pointed out the signiti- 
cance of this term, which is common to the equations of motion of 
all such instruments, as showing that the record can never be a 
faithful graph of the impressed forces. Just how serious a matter 
this really is can be better understood by making some numerical 
computations, but as the string galvanometer is best used for measure- 
ments of precision under condition (b), or critical damping, this dis- 
cussion will be deferred until the solution of the differential equation 
for that condition has been developed. 

The nature of the transient motion defined by the complementary 
function depends on the shape which the string assumes when de- 
flected by the electromagnetic forces. We have shown in the first 
section that in an uniform field this form will be a circular arc. 
The factor of the solution which takes account of the form of the 


i 
. . 2 . 5 . sar 
string is, 7 sim af f(A) sin . 


+ 4, which for brevity we may 
0 


designate, F(x). F(x) is the general expression for a Fourier series, 
(containing in this case sine terms only as before explained), and the 
definite integral when the proper function is substituted for /(\) 
and the integration performed, gives the form of the coefficients 
of the series, which can then be immediately written down, giving 
s all odd integral values.' In the definite integral which occurs 
in F(x), \ is written instead of x in order to emphasize the fact that 


1 Probably the best elementary discussion of the development and use of Fourier series is 


to be found in Byerly’s Elementary Treastise on Fourier’s Series, etc. Ginn and Co. Boston, 
1893. 
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it is a function of the limits of integration and thus prevent confusion 
with x used elsewhere as an independent variable. 

If the field distribution is not such as to make the shape of the 
string a circular arc the equation will still give the solution provided 
the equation of the string can be expressed in some recognized 
analytical form and provided the integration can be performed. 
We shall have occasion to consider solutions for shapes other than 
the circular arc. 

Although this solution in the form of a double infinity of equations 
might seem to be an academic performance impossible of applica- 
tion to particular problems, such is by no means the case. 

It is already evident that much information of a general nature 
can be obtained from consideration of the form of these solutions, 
but on account of the usually rapid convergence of the series which 
arise from them, a relatively small number of terms may afford 
an entirely satisfactory approximation to the solution of a numerical 
problem 

By far the most important mode of vibration of the string is the 
fundamental and for this mode the solution can be reduced to a 
very simple form in which the quantities involved are all of such a 
nature as readily to be determinable. Remembering that for the 
fundamental mode, s = 1, we can readily derive from the expressions 
already given for ro and r, (Appendix e), 
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In the cosine term, 
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In the phase angle term, 


Also, 
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On substituting these values, the complementary function becomes 


(s=1) 


2 ‘Tt 1 Tk 2nt 
u=— ett tT? Te [= eos —_- 
l To Tk 


neioaiiiemmens ! 
Ta . Sz . wa 
~tan-4/ -~1) sin™ f so) sin a] (9) 
To 
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In nearly all of the applications of the string galvanometer, it is 
desirable that natural vibrations of the string shall not appear to 
complicate the record. Condition (b), critical damping, or as it is 
often called, the “‘just aperiodic condition,” is the condition of 
choice. The string galvanometer lends itself nicely to use in this 
condition as it can be readily brought to exact aperiodicity by 
adjustment of the tension. Ordinary moving coil and moving 
magnet galvanometers are usually referred to as ‘‘critically damped’”’ 
when the damping is such that the motion is slightly oscillatory. 
Because of this common usage of the term I wish particularly to 
emphasize that whenever the term “critical damping”’ is used in 
this paper it implies a very precise adjustment and that no oscilla- 
tions occur. The user of the string galvanometer can determine 
the adjustment which gives exactly critical damping with the great- 
est nicety either by stroboscopic means’ or by making several 
photographic records. Since the determination of the important 
constant, ro, depends on the precision of ths adjustment, it is 
desirable that the matter be entirely clear. 

The criterion for critical damping is that the cosine term of the 
complementary function of (8) shall just vanish. We readily see 
that this will occur when a This is the criterion for critical 
damping of the sth. partial of the string’s motion. Although it is 
critical damping of the fundamental mode in which we are mainly 
interested, still for the sake of generality we may retain s until 
the solution is complete and then obtain the equation for the criti- 
cally damped fundamental by merely putting s equal to unity. 


k  sxra 
When a , the auxiliary equation, (Appendix f), has two iden- 
m 


* See A. Forbes and D. W. Mann. This Journal Vol. 8, p. 807. 
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k 
tical roots, Bi1=62=6= “ and we have as the complementary 
m 


function, 


2s WX 
u =e apa sin f 10) sin ae 
0 


P I t (10) 


2Bts=2 a (d) si nid | 
-——— sin— } sin ——dx | 
l > ; l . l \ 


s=1 } 
0 ) 


Ths solution satisfies the differential equation, is zero when ~x is 
zero and when x equals /. Differentiating it with respect to t, we 
find, 


Be 2 s=a f( (r) ron 2Bis=~ fo 7 at 
— = Be™ ¢ — > in ~ sin—— -— 2  sin—- ‘ sin —— 
. : l l 


s=l s=1 


eS anc fr sin a. 


s=1 


When ¢=0 the first and third terms of the derivative cancel each 
other and the second is zero, so that the derivative vanishes as it 
should, since the first der:vative represents the velocity of the string 
string and at the instant that it is let go from a position of equi- 
librium it has no velocity. All of the boundary conditions are there- 
fore satisfied. 

To (10) must be added the particular integral which defines the 
forced motion due to a periodic impressed force under the condition 


of critical damping. This may be derived from the particular in- 


, _ k  sxa ; 2sram 
tegral in (8) by putting ee , from which we have, k= 
m 





Substituting this value of k and reducing, (Appendix, g), we have 
as the particular integral for critical damping of the sth. partial 
mode of the string’s motion, 











aia iiatta HI}? 2sranw _ sex 
a » z= cosf nwt—tan-' $*x2q? sin—— 
SS S822? + mol? l - — nw? L (11) 


If k and m were both zero, the amplitude factor in (11) would reduce 
to, 
HI,l? 


s24?T 





(12) 








142 Horatio B. WILLIAMS [J.0O.S.A. & R.S.1., 9 


The phase angle would be zero and the forced vibrations would be 
directly proportional to the impressed force and inversely propor- 
tional to the tension on the string. These are the properties of a 
perfect instrument and while they cannot be realized, their mathe- 
matical formulation is of interest in that it enables us to determine 
the extent of the distortion of the amplitudes which inertia and 
damping introduce in an actual instrument. The occurrence of the 
quantity s* in (12) requires comment. In connection with a real 
string it would indicate that the factor in which it occurs expresses 
the amplitude of the sth. partial. For a massless string this has no 
meaning, but we can assign it a meaning by allowing it to represent 


the amplitude of a massless string under tension T and of length, 


equal to the distance between the nodes of the sth. partial of a 
string of mass, m, and length, /, under tension, T. If U, represent 
the amplitude of the motion of the massless string and U,, that of 
the one of mass, m, with damping, k, we may determine the ratio 
of these amplitudes in order to obtain a measure of the amplitude 
distortion for any impressed frequency. 





U, HI,?? s?x?T 1 
‘U,  s*x*T+mn*wol? HIP , swt: remembering that T/m =a’. 
s292q? 


Putting w=2z2/, where / is the fundamental frequency of the im- 


2 2 


To 


pressed force, and bearing in mind that —=— , 
a? 
U, 1 1 
U,  hwtnt fie? fPn*re (13) 
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Equation (13) holds for the sth. partial provided this is critically 
damped. Critical damping of a partial is not a matter of practical 
interest, but by putting s=1, we have the ratio, for any impressed 
frequency, of the maximum amplitude of a perfect instrument to 
that of an actual instrument with critical damping of the funda- 
mental, which is of major importance. The accompanying curve, 
Fig. 3, is a plot of this equation made from a large number of cal- 
culated values. The equation represents a family of such curves 
all of the same shape, that for s =1 being the only one of importance. 
This curve shows in striking manner the effect on the record of a 
critically damped galvanometer of varying the period of the im- 
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pressed force for any given value of ro. If the free period of the string 
without damping, ro, is one tenth the period of the impressed force 
the amplitudes in the registered curve will be correct to 99 per cent 
of the theoretical value. If the impressed force contains com- 
ponents of period double the free period of the string, these com- 
ponents will be registered with an amplitude 80 per cent of their 
actual value. If the period of any component agrees with the free 
period of the string so that in the absence of heavy damping we 
should have resonance, under the condition of critical damping that 
component will be registered with an amplitude 50 per cent of its 
correct value relative to slower frequencies. This curve enables the 


_ 
3 


G 
=) 


Per Cent of theoretical deflection, 
c $3238 8 


— 
So 


So 





Fic. 3. 


user of the galvanometer to decide at once what free period his 
string must have to register to any specified degree of accuracy any 
assigned frequency. If a curve has been registered, say for determina- 
tion of wave form, and an harmonic analysis performed, a knowledge 
of the free period of the string will enable the user to decide whether 
any of the components of the wave require correction and if so how 
much the correction must be. The effect of the under-damped 
partials when the fundamental is critically damped will be discussed 
in a separate section devoted to general consideration of the 
partials. 

For the condition of critical damping the phase angle term 
of the particular integral can also be reduced to a form which 
facilitates numerical computation as follows: The phase angle is 
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¢, = tan! aad If the damping of the sth. partial is 
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force. Then, 
8m? in 

Ts 8x? fn 2fnr, 


¢,= tan = 
1— f?n?r,? 


4r? 4? 
m( —4x"pn') ——4rf*n?r, 


T,? Ts 





which is the expression for the tangent of the phase angle when the 
sth. partial critically damped. Critical damping of the partials is a 
matter of little practical interest, but putting s=1, we have im- 
mediately the value for the tangent of the phase angle for critical 
damping of the fundamental, 


(14) 


From (14) we can compute the amount of phase displacement which 
any component of the impressed force will suffer for any value of 
the fundamental free period, ro. It will be instructive to make this 
computation for a few values of m at two assumed values of 1». 
To obtain the amount of displacement in millimeters on the pho- 
tographic record we proceed as follows: divide the number of degrees 
in the phase angle by 180 and take this fraction of the distance 
which the photographic surface travels in a time equal to a half 
cycle of the period in question. For the fundamental this will be 
the distance traveled in half the fundamental period, for the third 
harmonic the distance traveled in half the period of the third 
harmonic, etc. 

We may consider first a galvanometer of natural period r>=.001 
second. This is about the upper limit of the period for the large 
instruments using strings 13.5 cm in length. Assuming for the fun- 
damental impressed period 100 cycles a second and a speed of the 
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photographic record of five meters a second, giving 25 millimeters 
for a half cycle of the fundamental, we have the following, 








Frequency Phase angle \Displacement 





100 11.5 degrees 1.6 mm 
300 33.5 degrees 1.55 mm 
500 53.1 degrees 1.48 mm 





Displacement of the entire record by a constant amount would be 
without distorting effect, it is relative displacement which concerns 
us. The relative displacement for the third harmonic would be il- 
legible on any photographic record. The fifth harmonic would be 
but slightly more displaced, and reference to figure three shows that 
when as here the period of any component of the impressed force 
is double the natural period of the string, the amplitude of that com- 
ponent is subject to an amplitude distortion of 20 per cent. If one 
is obliged by circumstances to use a galvanometer under such con- 
ditions as the last mentioned, it is possible to apply corrections to 
both amplitude and phase provided an harmonic analysis of the 
record is made. It is evident however, that the amplitude distortion 
is much more serious than the phase displacement which for the 
conditions assumed is negligible. 

Let us now assume for the galvanometer a period of .0001 second 
and a speed of ten meters per second for the travel of the record, 
giving 50 mm for a half cycle of the fundamental, assumed as be- 
fore to be 100 cycles per second. Such short periods have not been 
obtainable with string galvanometers heretofore, but the writer has 
recently constructed an instrument which attains this period. 








Frequency of 
impressed force Phase angle Displacement 





100 1.166 degrees .323 mm 
300 3.5 degrees .323 mm 
500 5.73 degrees .318 mm 
700 8.0 degrees .318 mm 
900 10.33 degrees .318 mm 











The relative phase displacement is seen to be entirely negligible 
as far as the ninth harmonic and reference to Fig. 3 will show that 
the amplitude distortion of the ninth harmonic is less than one per 
cent. The fact that the phase angle increases rapidly with increasing 
order of the harmonics has often been pointed out in connection 
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with recording instruments, but writers, themselves, no doubt 
cognizant of it, have not always been explicit in calling attention 
to the fact that this increased angle relates to a distance on the 
photographic record which becomes shorter with increasing order 
of the harmonics and that this in great measure offsets the rapid 
increase in the angle. If the period of the galvanometer is so high 
relative to the period of the impressed forces that no correction of 
the amplitude is necessary, it will seldom be necessary to consider 
phase displacement. 

In any event if the constants of the galvanometer have been 
determined, the equations here given may always be used to correct 
both phase and amplitude distortion. 

Equation (10) may be put in more convenient shape for practical 
application by making substitutions similar to those which were 
used in the derivation of equation (9). Putting s=1, since our main 
interest in making this wenee-w lies in the ees mode, and 
writing for brevity, F(x) =— - a sin (70) sin a, 


s=l1 
we may write equation -, 
u = et (F(x) — BIF (x) ) = F(x) e6t(1—Bt) 


F(x) being the function which defines the shape of the string when 


, k , 
deflected by a steady continuous current. B= — 7, and since the 


k Td 
condition of critical damping of the fundamental is imposed, —— = 


2m 1 
21 wa 2r k 2 


LT 
and since t#=— , —=—=—— so that 8=—— and substituting 
a Ll to 2m T9 


this value of 8 we have, 
2xt 2nt 
w=F(den (1+ (15) 
TO 
Equation (15) is of great practical utility. From it we may not only 
determine the time required for a critically damped galvanometer 
to complete any assigned fraction of its steady deflection, but it 
also suggests a ready method of determining the important con- 
stant, To. 

If we deflect the galvanometer with steady current and then sud- 
denly remove the emf and allow the string to return to zero, record- 
ing its motion photographically with a simultaneous record of the 
time, we Can measure from the record corresponding values of elapsed 
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time, t, and deflection, wu, reckoning t=0 from the point where the 
shadow first begins to move. The optical system of the galvanometer 
will not be discussed in this part of the paper, but it may be stated 
that satisfactory photographic records can be secured on film 
running at the rate of from five to ten meters a second. At these 
speeds accuracy of time measurement sufficient for determination 
of ro can be attained. F(x) in equation (15) we may replace by U, 
the maximum deflection of the middle point, for we are now in- 
terested in the fundamental mode only and, as will appear after 
the partial modes of the string’s motion have been discussed, the 
partials will not affect the present measurement in any material 


. . . . To 
way if the point chosen to measure ¢ and uw is the point, i For 


this purpose we may then write equation (15), 


. 2x 2nt 
wi ben (1+) (15a) 
TO 

If it were possible to determine the free period accurately by some 
independent means, we might from a comparison of this with the 
period determined as above suggested not only secure a check on 
the accuracy of the method, but also shed light on the question 
of the correspondence between the assumptions made in setting up 
the equation of motion and the behavior of the actual galvanometer. 
In all application of mathematical analysis to materiai phenomena 
it is necessary to make simplifying assumptions. We have in this 
instance assumed that the motion of the string may be looked upon 
as similar to an infinitesimal motion, that the damping is simply 
proportional to the first power of the velocity of the motion, that 
the string is perfectly flexible, etc. If any of these assumptions is 
far from the facts, the results of the analysis will be correspondingly 
affected. It is fortunately possible to check the validity of equa- 
tion (15a). A description of the actual experiment will best illustrate 
the method. A wire of the alloy known as “‘duraluminum” was 
stretched in the galvanometer under such tension that its oscilla- 
tions with air damping alone were subject to so little decrement 
as to make correction of the period for damping unnecessary. The 
period was determined from a photographic record of the oscilla- 
tions. The time of 22 oscillations was measured and the time of a 
single oscillation determined from this was .00336 second.* The wre 


* The last decimal place may be in error +2 units. 
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was then shunted and a series of records made until the value of 
the shunt which would make the electromagnetic damping just 
sufficient to prevent oscillations was determined. A record of a 
critically damped deflection was then made on film running at five 
meters a second and the period determined by the following pro- 


To ed = 
cedure. In (15a) assume pas The equation becomes, 


1237 U(1+2.093) =.38U 


In the record of movement of the shadow of the wire, U was 25 mm 


and .38X25=9.5 mm. This means that the deflect’on will have 


To T\ 
decayed from 25 mm to 9.5 mm in a time equal to —. To get 


3 
we have only to measure elapsed time from the beginning of the 
motion to the point where the deflection is 9.5 mm and this was 
found to be .0011 second. Multiplying this by three we have as 
the value of ro .0033,' which is in good agreement with that de- 
termined directly. In carrying out this experiment the latter de- 
termination was made before the record of the free vibrations was 
measured in order to avoid prejudice. In addition to serving as a 
check on the validity of the assumptions which form the basis of the 
analysis, this method has a further and eminently practical aspect. 
The fine quartz fibers which are usually employed as strings have so 
little inertia that when they are stretched under as great a tension 
as regard for their continued serviceability warrants, the air damping 
alone is sufficient to prevent more than one or two highly damped 
oscillations and with the finest strings a half oscillation is about all 
that can be obtained. Under these circumstances it is manifestly 
impossible to make an accurate determination of the free period by 
determination of the damped period and applying the correction 
for damping. The difference between the amount measured and the 
limit of accuracy of measurement is too slight. If then we wish to 
be able to determine the accuracy with which the galvanometer 
will record periodic motions of any frequency or to be in position 
to apply corrections to registered curves, we must measure 7 by 
the method indicated above. Having determined the value of 75, 


‘But one experiment was performed. The very close correspondence of the results is 
probably in part accidental, but making due allowance for this, the result indicates the pos- 
sibility of satisfactory accuracy in determining ro from a critically damped deflection. 
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and the strength of the effective magnetic field we are in possession 
of numerical values of all of the quantities in equation (6). The pos- 
sible advantage of having these values will become apparent 
presently. 
We shall next discuss condition (c), damping more than critical. 
The auxiliary equation now has two real roots, 
k Rk? s?x?a? 


B,=—-—-+ = 


2m 4m? ]? 


Writing 6:1, 82 instead of the longer equivalent expressions, the solu- 
tion of (7) for condition (c) is, 


i 
2 S&S Sax 
2 ik f p09 sin anh oof) (2) 
= 9 yD ft i b— 8; ads 1 


(See appendix, h). 
This solution satisfies all of the boundary conditions. It is zero 
when x is zero and when x equals / and it is equal to F(x) when ¢=0. 


Its first derivative with respect to ¢t vanishes when ¢ is zero and on 
differentiating it and substituting in the differential equation, it is 
found to satisfy it. To (16) must be added the same particular in- 
tegral which occurs in solution (8) for the condition (a) if it is 
desired to express the response to a periodic impressed force. No 
convenient analytical expression can be given for determination of 
the ratio of the actual to the theoretical deflection for a given im- 
pressed force when the galvanometer is overdamped. It has been 
shown how all of the quantities in the expressions for 8; and 82 may 
be determined. If their numerical values be substituted in the 
amplitude term of the particular integral the ratio of this to the 
amplitude term for the same tension, but without mass and damping 
can be readily calculated. 

If the string of the galvanometer be sufficiently slackened, a 
tension will at last be reached so small that the increase in tension 
due to deflection can no longer be neglected. When this condition 
is reached it will be recognized by the fact that the deflections, 
hitherto proportional to the strength of current over a considerable 
range now lose their proportionality except for a very small range. 
It will also be noticed that as this condition is approached a small 
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change in the position of the micrometer screw produces a relatively 
large change in the sensitivity of the instrument. If the tension be 
still further decreased, the deflections again become porportional 
to the strength of current, the galvanometer becomes very sensitive 
to small currents and its deflections very slow compared with their 
period under greater tension. The restoring force is now due to 
the action of gravity, modified slightly by the stiffness of the string 
which can no longer be neglected. The constancy of zero and the 
strictness of proportionality of deflections to the strength of current 
in this condition are remarkable and were pointed out by Ein- 
thoven (3) p. 317. The preceding analysis does not apply in any 
manner whatever to this condition. It will be evident that, 
neglecting the effect of stifiness of the string, its form when un- 
deflected will be a catenary and the tension will vary according to 
the well known law of the catenary, being greatest at the upper end 
and least at the bottom. This suggests a novel construction for a 
string galvanometer intended to be used only with the string in this 
slackened condition for measurements of the smallest currents 
capable of producing measurable deflections. The microscopes 
should be placed under the pole-pieces and if it were not for the 
stiffness of the string they should be as near the lower end as 
possible, but as the stiffness is certain to affect the motion in this 
condition of the instrument, the position of choice will be somewhat 
above the lower end. An analysis making allowance for the stiffness 
of the string and other peculiar features of this condition would ap- 
pear to offer considerable difficulties and it may be easier to investi- 
gate the matter experimentally. I hope to have an opportunity 
to do this soon, perhaps before this series of papers is completed. 
Einthoven was able to attain a sensitivity of 10-'' ampere per mm 
with his galvanometer and the writer has duplicated this with a 
copy of Professor Einthoven’s instrument in the Physiological 
Laboratory at Columbia University. If the modification above 
suggested should make possible an increase of this sensitivity by 
one or more powers of ten as seems not beyond possibility, the in- 
strument might become available for work which has hitherto re- 
quired a sensitive moving magnet type or an electrometer method. 


3. THE PARTIAL VIBRATIONS OF THE STRING 


We now proceed to investigate the effect on the partial modes 
of the string’s motion of the particular form assumed by the string 








ll | ee ee | | 


~~ 
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when deflected by steady continuous current, this form depending 
upon the distribution of the fixed magnetic field. We shall consider 
first the circular arc which would be the form if the field were actually 
uniform throughout. The equations for this distribution of the field 
have already been derived by Crehore (loc. cit.), but we shall derive 
them more readily by substituting the equation of the circular arc 
in the express on for f(A) in the solution of the partial differential 
equation. The equation of the circular arc itself presents some 
analytica’ difficulties and we shall follow Crehore’s procedure in 
substituting the equation of a simpler conic which closely approxi- 
mates the shape of the circular arc. We shall adopt a slightly 
different procedure in this development from that employed by 
Crehore as being perhaps more easily followed by the casual reader. 
In Fig. 4, OL is the string of length, /, and the origin of coordinates 














Fic 4, 


is taken at the end 0. U is the steady deflection of the middle point 
when the string is in equilibrium with steady current flowing. 
u is the ordinate of any point, x. The equation of the circular arc is, 


l 2 
(5-2) +@+nter= (+0) 


or, 
2 


l 
Gaba t UV +084 V8= UP+2UV 40" 


U is a small quantity and wu is either equal to U or a still smaller 
quantity. (See appendix c). Also r and V differ from each other by 
the small quantity U, in comparison with which they are both large. 
For the purpose of deriving the equation of a curve which shall 
sensibly coinc’de with the circular arc and still be of such form as 
to be easily handled, we may consider r and V as equal to each other 
and drop u* and U* as small quantities of the second order. We 
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9 


recall that we have derived equation (3), het and this we now 


write equal to V. Then, 
r? 2UP 
——Ilx+ x?+2uV =— 
4 8U 


x?@—lx=—2uV , 


u oy (la— x?) 

. r P 

or since V=—-, 
8U 

4U 


u=— (lx— x?) (18) 
[2 


Equation (8) may be looked upon as a symbolic solution of the 
equation of motion. It applies to any form whatever which the 
deflected string may take. Considering only that part of (8) which 
has to do with the shape of the string, namely that which we have 
previously referred to as F(x), we may substitute for f(A) the func- 
tion defined by (18), writing as already explained \ instead of x 
to indicate that it is a function of the limits of the integration. 
We shall then have an expression which we may integrate to get 
the Fourier series which defines the shape of the string (to the same 
order of approximation that (18) corresponds to the circular arc) 
when the field is uniform. We have then, 


s=o 


i 
2 Sux 4U Str 
F(x) “> 2. sin ey (-A—X?) sin Tea : 


s=1 
0 


4 


r( ¢ smd a 
{ tf rsinan— ff resinean > = (19) 
B | l l } 
0 


0 


Perform'ng the integrations indicated in (19), (See appendix, i), 
we have, 
me 32U sez 
F(x)= sin—— 
{53 3 
or, 
330 sinrx 1. ss ca 
=1.033U —+-— sin——+— sin— 
_—" ( ‘Sel eet i fat 


a rapidly convergent series. The movement of the string can be 
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l 
observed only at the middle point, that is at the point — and 


l 
sin — equals (1—14+1-—1+1- ) for all odd values of s and 


zero for all even values. 
For the middle point of the string we have, 


>) =1.033U — .0382U+ .0082U — .003U+ 
This series converges so rapidly that unless the numerical work is 
carried to a greater number of decimal places, the series is sensibly 
equal to U after four terms. It is seen that the third partial, the 
first which can occur, is nearly four per cent of U. 

If the field distribution were such that the string when deflected 
by steady continuous current assumed the form, 


wx 
u = sin— 
l 


wx l 
we should have, F:(x) =U sin - 7 and Ff =) =U. Under this 


condition the motion of the string would be the simplest possible. 
No partial vibrations would occur; all points of the string would 
move in the same phase and the string would remain a simple curve 
of sines until all motion ceased. Crehore, (loc. cit. p. 223), discusses 
this matter and suggests that the ideal construction for a string 
galvanometer would be that in which the pole faces are so shaped 
that the field is strongest in the middle and diminishes in strength 
toward either end according to a sine law. This he shows would 
result in deflection into a simple curve of sines. This would indeed 
be ideal, but from the constructional standpoint it appears to be 
impracticable. Only the greatest care in manufacture will insure 
that approach to accurate parallelism of the pole faces upon which 
the lateral uniformity of the field depends and upon which in turn 
depends the proportionality of the deflections to the strength of 
current. If in addition an attempt were to be made to alter the 
face lengthwise, still maintaining parallelism in the other direction, 
the manufacturing would become a matter of considerable complex- 
ity. This might be overcome if the results were to be enough better 
to justify it, but a further difficulty arises from the fact that the 
shape would have to be altered for different specimens of iron and 
finally no way has been suggested whereby the maker could control 
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the process so as to determine when the ideal condition has been 
realized. 

Since any other field distribution whatever will introduce partial 
modes into the movement of the string, it becomes a matter of 
moment to ascertain as nearly as we may their probable magnitude 
under actual conditions and their probable effect on measurements 
made with the galvanometer. The only theoretical discussion of 
the string galvanometer with which the writer is familiar which 
has taken account of the partials at all is that of Crehore and he 
has considered them only for the assumption of uniformity of the 
field. Since the amplitudes of the partials are small compared with 
that of the fundamental it is evident that any conclusion drawn 
from an assumption which we know to be at variance with the facts 
is apt to prove illusory. Before we attempt to consider the possible 
effect of such partials as equation (22) shows would be present if 
the field were uniform we must first show that the difference between 
(22) and a series which represents more accurately the form for 
the actual distribution of the field is not greater than the difference 


between (22) and F,(x) =U sin =. 


By exercise of care in construction the lateral distribution of the 
field can be kept of such uniform’ty that the deflections of the 
string are proportional to the strength of current over a range of 
movement greater than that usually employed for measurements. 
Since the same general order of mechanical accuracy is attained in 
the dimension at right angles to the direction of motion of the string, 
we may reasonably infer a corresponding uniformity of field in this 
direct on except for the region of the perforation made to admit 
the optical system. The effect of the projecting ends of the string 
we may neg'ect since the amount of projection can be kept small 
and the motion near the ends is very small in any event. In order 
to obtain a limiting value for the possible effect of the weakening 
of the field at the perforation we may make the somewhat violent 
assumpt on that the field in this region is zero. For a given type of 
optical system the effect of the perforation will be greater the 
shorter the string and we shall therefore consider the smaller of 
the two instruments to be later described, as typical in order to 
get the worst result likely to be encountered. In this instrument 
the string length is about six times the diameter of the perforation 
and for greater simplicity of the analysis we shall take it as exactly so. 
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We shall assume that the field is uniform from either end of the 
string as far as the perforation. The accompanying figure 5 will 
make clear the condition assumed. 

The end portions of the string in the uniform parts of the field 


‘ : : ! 
will be deflected into circular arcs and the central portion of length ¢ 


will be dragged out by the motion of the end portions, but will re- 
main straight. To express the shape of the string on this assumption 
in an equivalent Fourier series we may proceed in either of two ways. 
We may obtain series for the portions OAB and DLC and add to 
these a series for the rectangle ABCD. This which is the more 
direct method is somewhat laborious. It is actually simpler to find 
a series for the figure made up of the rectangle and the arc BMC, 
then an expression for the rectangle. Subtracting the series for the 
rectangle from that for the figure ABMCD, we have left a series 








pM i ¢ 
i ' 
oe ee 
a) 42. —ii L. 
Fic. 5 


for the small segment included between the arc BMC and the 
rectangle. On subtracting this last series from that which defines 
the shape of the string when the field is uniform throughout we have 
left a series representing the string in a field uniform except for 
the middle sixth, which is zero. For simplicity we shall in every 


case employ a few terms of the series when x =5 since it is the value 


of the amplitudes of the various partials at the middle point of the 
string which affects the record. Before we can carry out this analysis 
we require to determine what fraction the ordinate AB is of U, the 
ordinate of the middle point of the arc when the field is uniform 
throughout. The flat portion BC owes its position entirely to forces 
acting on the portions of the string OB and CL. If the field were 
uniform throughout we could find the part of its deflection which 
is due to the reaction between the middle sixth of the fixed field 
and the field around the middle sixth of the string due to the 


current J by assuming this middle portion to be clamped fast at 
51 71 
the points 1 and DD’ the tension on it remaining the same as when 
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these points are free. The radius of curvature of this central portion 
will be identical with that of the string considered as a whole. 
We consider its ends fixed at the points B and C and require to find 
the deflection U, of its middle point above the line BC in terms of 
the deflection U of the entire string in uniform field above the line OL. 


By equation (3) we have on” Then for the portion BMC, 


(5) | 


—. Equating these two expressions for r, we have 





T= 





8U,2 
1\2 
» &) | 
—= or /?U,=—L 
U U2 SO 
whence, 
U 
U,.=— (23 
36 


35 
If we write C for the height of the ordinate AB, C = > U =.97 U. 
30 


In an uniform field, the Fourier series for the part of the circular 
5l 7 
arc lying between -—" and a“ is given by 


71 


——_ sU £G Str _ Sax 
F.(x)= >> — (IA—*) sin—dd sin— ° (24) 
s=l 2B l l 
St 
12 
On performance of the indicated integrations, (Appendix j), this 


gives, 








see (32U oe 8U se 280U | sw) . sxx . 
F,,(x)= Zz { sin— — cos—-+———- sin— } sin——__ (25) 
at ist wo 0612 0= Se*e* 12 72sr 12) l 


On performance of indicated numerical operations, (25) further 
reduces to 

s=~ (1.033U sw .2704U sw 1.24U | Sx) . Sax 
F,,.(x) = > — — sin—}sin—— (26) 


i a 2 s? s } 





We must now obtain a series for the rectangular constant portion. 
F,(x)=C. This is given by, 
7 


4 Se 12 smh S4Xx 

F¢(x) or: >. | Con -asin—- (27) 
s=1 rf 

12 
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which may be written, 


2t Se 5 st Sax =e Sw Snx 
F(x) =—- sin—dad sin—-= —— sin— sin— (28 
Ase 2d, ' j “ian! > “<a F 


Si 
12 
. -] . r l 
If we put for C,its value, .97 U, and for x, - >» we have to four terms, 


l 
Fe(>) =.3198U—.2910U+.2386U— .1704U+ °--:: (29) 
This series converges toward the value C =.97 U, and it is evident 
that the convergence is slow. Taken in connection with the series 
for the circular arc, it will, despite its slow convergence, give us 
an idea of the magnitude of the lower partials and show whether 
l 
they tend to remain of large value. From (26), putting x=—, we 


“ 


obtain, 


l 
F.(5) = .3275U— .2980U+.2447U— .1754U+ --° (30) 


- 


Subtracting (29) from (30), 


l 
Pa (= )=-3275U-.29800-+. 24470 .17540+ °-- 


< 





l 
Fes ) = .3198U— .2910U+. 2386U — .1704U+ °°: 
a 7 5 San 
“(;)- .0077U — .0070U + .0061U — .0050U+ °°: (31) 


¥ (x) represents the small circular arc BMC in Fig. 5 and, sub- 
tracting (31) from (22), 


l 
p(=)=1.0380- .0382U+.0082U—.003U+ °°: 


l 
(5) = .0077U—.0070U+ .0061U— .0050U+ --: 





l l 
F(=)-v(=) =1-02880- 0312U+.0021U+.0020U+ --- (32) 
Equation (32) gives the amplitudes at the middle point of the 
string, of the fundamental and of the third, fifth, and seventh 
partials, supposing the field uniform except for its middle sixth, 
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which is of strength zero. It will be observed that the third partial 
is a little smaller than the third of (22), the series for uniform field. 

Although the convergence of (31) is not rapid, we may be certain 
that no term after the fourth will be larger than the fourth and as 
the series (22) converges very rapidly, there will be no single partial! 
larger than those already computed. It appears then, perhaps un- 
expectedly, that weakening of the central part of the field results 
in less disturbance from partials than would be the case if the field 
were perfectly uniform. ; 

In the actual instrument the field in the region of the perfora- 
tion is by no means zero. Measurements made by Einthoven on 
his original instrument showed the field in this region to be some- 
what less than half the strength measured in the stronger end regions. 
The diameter of the perforation was much larger and the length 
of the air gap much greater in his instrument than in the one on 
which the present computations are based, so that we sha'l perhaps 
not be far from the truth if we assume the field strength in the region 
of the perforation to be half that in the end regions. Naturally it is 
not uniform throughout the region of the perforation, but the effect 
of this non-uniformity will be of the second order. We may then 
arrive at a series which represents with some approach to accuracy 
the real magnitude of the partials in this instrument by subtracting 
from (22) one-half the value of the series (31) (we might, of course 
get the same result by adding half of (31) to (32).) 





l 
(5) =1.033U — .0382U+ .0082U— .003U+ -:- (22) 
l 
w(;>)- .00385 U— .0035U + .00305U — .0025U+ --- (33) 
l l 
F(5)-™(5) =1.02915U— .0347U+ .00515U— .0005U (34) 


The third partial in (34) approaches that in (22) as might have 
been expected, but it is smaller. We may then safely assume that 
in this galvanometer the largest partial will be between three and 
four per cent of the maximum steady current deflection. 

For precise measurements the string galvanometer should be 
used in the critically damped condition and a discussion of the 
partials is pertinent only where precise measurements are in question 
so that it may be instructive to develop the equation which applies 
to the motion of the partials when the fundamenta is critically 
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damped. For critical damping of the fundamental we remember 


ra Ok 
that the condition is rie and for critical damping of the sth. 
m 
sra_ ok 


partial the condition is . ee Here the damping factor must 
m 


be larger than would suffice to critically damp the fundamental. 
The occurrence of s as a factor in the restoring force term indicates 
that for any given amplitude the amount of energy stored in the 
deflected string is greater according as the segment under considera- 
tion is shorter, which is in entire agreement with the well known 
experimental fact that under a given tension a shorter string of the 
same mass etc. requires the application of greater force to produce 
a given deflection as compared with a longer one. When therefore, 
the fundamental is critically damped, the partials will all be under- 
damped and to them the oscillatory form of the solution, equation 


(8), still applies. To investigate the motion of the partials when 
ra 





the fundamental is critically damped, we may put 7 its equiva- 
2x k 

lent — for wherever the latter occurs in (8). On making this sub- 
To m 


stitution and reducing, (See appendix, k), we have for the com- 
plementary function, 


2 2st sme a wi 2nt 
air ide 2 s (/ - cos{ —4/s?—1 


l east s?—1 To 








+ (35) 





—tan-'*—_ ae (A) sin ae 
a =) ef f(r) 
2xt 


e~* is a factor of the entire expression and defines the law of decay 
of the motion of the partials. Each will die away in a series of oscil- 
lations whose frequency will depend on the order of the partials. 
They will all die away at the same rate and this will be the same as 
the rate of decay of the fundamental. The only difference is that 
the fundamental will die away without oscillations and partials of 
higher order will perform a greater number of oscillations before 
their motion stops than will those of lower order. At first sight it 
might seem that a partial of amplitude from three to four per cent 
of the total deflection of the string would make itself very evident 
in the record. Let us consider the amplitude of the third partial at 


i. 
the time t=. Its amplitude will have declined to, u = e- =.208 
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of its initial amplitude. It is usual practice to employ photographic 
plates or film not over 6 cm wide, admitting of a double deflection 
of 6 cm. Let us suppose that the initial deflection was 3 cm. We 
are here speak'ng of the deflection of the magnified shadow, magnifi- 
cat’on assumed to be 1000 diameters. The initial amplitude of the 
third partial we may take to be four per cent of the total deflection, 
which would make it 1.2mm. Then in a time from the beginning 
of the motion equal to one quarter the natural period of the string, 
it will have decayed to .25 mm, or just above the limit of legibility. 


Its own undamped period is 7 so that it will have performed less 


than one complete oscillation before it has decayed to this small 
value. It has already been shown in connection with the discussion 
of the curve, Fig. 3, that in order to secure accuracy of the amplitude 
to one per cent, it is necessary that the free period of the critically 
damped galvanometer be one tenth the period of the highest com- 
ponent of the impressed force which it is desired to measure with 
this accuracy. If the period of the fundamental were .001 second, 
the instrument would be adapted to record with one per cent ac- 
curacy up to a period of .01 second. In these circumstances a speed 
of one meter per second for the photographic plate or film would 
be ample to resolve the motion and at this speed the record will have 
traveled but one quarter of a millimeter during the time that the 
third partial is decaying to an amplitude of a quarter of a milli- 
meter. The amplitude will have diminished to nearly the limit of 
legibility about the time that the travel of the plate or film is suffi- 
cient to permit of reading. The major part of the motion of the 
partial will have died away during a time so short that it is not 
resolved by the motion of the plate. In actual practice it is likely 
that a record involving frequencies not to exceed 100 per second 
would be made at less than one meter per second, in which case the 
chance of seeing anything of the third partial would be still smaller. 
I have never seen anything in the record of motion of a critically 
damped quartz fiber which I could identify as probably due to 
partials. They become easily evident, however, in the motion of a 
duraluminum wire .04 mm in diameter, even when the damping 
is somewhat more than critical. The third partial could be identified 
with certainty when the fundamental period was .003 second. Why 
the partial should be evident in the record of motion of this wire 
and not in records made with coated quartz fibers does not appear 
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from the equations. One notable difference between wire and fiber 
is in the flexibility of the latter. The equations do not take account 
of rigidity.’ If rigidity has the effect of increasing the magnitude of 
the partials this should be borne in mind when somewhat stiff 
metallic wires are employed for strings as is occasionally done. 

If a rather heavy quartz string is put under sufficient tension 
it can be made to execute several damped oscillations before it 
comes to rest. If the amplitudes of successive oscillations are com- 
pared it is found that the decrement is uniform after the first oscilla- 
tion, but a value based on comparison between the first and second 
does not agree with the others. This was noticed, but not explained 
by Einthoven, (Weitere Mitteilungen iiber das Saitengalvanometer, 
Annalen der Physik, 4th Series, 21, p. 490; 1906), and Crehore 
comments on it (loc. cit. p. 222) giving the explanation. The dis- 
crepancy is due to the partials which have not died away during the 
first oscillation of the fundamental, but have become imperceptible 
by the time the second and third fundamental oscillations occur. 
The galvanometer is not used in this condition and the only purpose 
for which these oscillations would be measured would be to determine 
the logarithmic decrement; either for determination of the damping 
constant, or the correction for damping to be applied in obtaining 
the free period from the damped period. We have shown how the 
free period and damping constant can be determined in a manner 
capable of giving more accurate results and dismiss the matter 
with the remark that it is of interest as indicating the existence of 
the partials. . 

There is one aspect of the partials which we should not pass over 
without investigation. That is the possibility that a component 
of the impressed force may happen to agree in period with pne of 
the partials so that resonance of that partial may occur. The 
significance of such an occurrence will depend on the sharpness of 
the resonance, which in turn depends upon the amount of damping. 
We may examine this matter by studying the particular integral 
which defines the forced motion under the assumptions, first that 
the damping of the fundamental is critical, since this is the con- 
dition of principal interest, and second, that mw in the particular 
integral is equal to 2x/,., where f,, is the damped frequency of the 
sth. partial. Since the sth. partial is subject to considerable damp- 


For a hint as to the method to be followed if it is desired to consider rigidity in the analysis, 
see Lord Rayleigh, Theory of Sound, J, Art. 137, p. 163; 1877. 
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ing when the fundamental is critically damped, we cannot derive 
s 

an entirely accurate result by substituting for /,., —, the undamped 
To 

frequency of the sth. partial, but must derive an expression for the 

damped period of the partial under the given condition of damping. 

The damped period is given by, 


2x 


Tak= <== 
Pe 


and for critical damping of the fundamental we have as usual, 
wa k 2x 





1 2m te 
so that, 
2r To 


Tek —<—<—<—<——— 
yo 4x? V s?-—1 
me 


To To 





Vv s-1 2rV s?—1 
and f..= - so that nw=————— nd nw*= 
To To 


4m 
We have also from the damping condition that k oem and k? = 


To To 
and substituting these values in the amplitude factor of the particu- 


lar integral of (8), we have, 
HI, 


16m?r?2 42s? —4r? 47°s? (49?s? —_ 47?) 2 
PS 











2 2 2 


To To To 7 


To 
This by simple algebraic transformations readily reduces to, 
HI ato? 
4n*mV 45?—3 
Perhaps the most convenient way to appreciate the meaning of 
(36) will be to determine the ratio between the amplitude which it 
expresses and that which an equal force of the same period would 
produce if it acted on an ideal instrument with massless string of 


length, /, and without damping. The amplitude factor of such an 
HI, ?? 
instrument may be derived from (12) by putting s =1, and is, — 
T 
The deflections of this ideal instrument will be the same for all 
frequenc‘es as the deflection of an actual instrument under the same 


conditions of field strength and tension if the maximum amplitude 


(36) 
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of the periodic current were to flow as a steady current through it 
for an indefinitely long time. Dividing (36) by the expression 
derived from (12), we have, 

Use HI 70? x x*T Tro? 

U  4n'm/g32-3 AI. 4mP. 43273 





T te [? 
Remembering that — =a’, and that or , we have, 
m a 


al? 1 Usk 


Mavas—3 Vasta3 U 
The following table gives the value of this ratio for several orders 
of s and, for comparison, values of the deflection of the critically 
damped fundamental for the same period of ‘mpressed force, taken 
from the curve, Fig. 3. 





(37) 











Order of 
partial 





| 
| 


| 
| 








From this table it appears that the resonance of the partials when 
the damping is of sufficient amount to make the motion of the 
fundamental just non-oscillatory, is not at all sharp. The deflections 
are much less than the fundamental steady current deflection for a 
current equal to the maximum amplitude of the periodic current. 
It is, however, always distinctly greater than the fundamental 
amplitude of the same instrument for the same frequency and this 
discrepancy increases with the order of the partial as we might have 
expected. Distortion due to this cause will then be slight, and values 
corrected according to the curve, Fig. 3, will in general meet practical 
requirements. If harmonic analysis of a record shows the occurrence 
of a frequency in resonance with a partial and it is desired to apply 
a more rigorous correction, the equations just developed indicate 
the method to be followed. 

This completes the purely theoretical part of this paper. In 
Part II we shall consider the constants of actual instruments and 
discuss the limits of period, damping and sensitivity which can be 
practically attained with different types. We shall have occasion to 
refer to calculations on the magnetic circuits of string galvanome- 
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ters, but it is unnecessary to discuss this matter in its theoretical 
aspects since there is nothing relating to the magnetic circuit of the 
string galvanometer of a special character. 


APPENDIX TO PART I 


(a) 

For a more complete mathematical discussion of this part of the 
subject, see Thomson and Tait, Treatise on Natural Philosophy, 
Impression of 1912, Part II, Articles 574-577, inclusive, pp. 118-122. 

(b) 

The curve into which the string is deflected by steady current 
has been assumed by different writers to be a parabola, catenary, 
etc. Crehore was the first to show clearly that it is a circle if the 
field is uniform. This might also have been inferred from experi- 
mental results. For example Wiedemann (9), describes an experi- 
ment in which a platinum wire placed in an uniform field and carry- 
ing current of sufficient strength, to make it soft, deflects into a 
semicircle. Wehnelt (10), showed that a stream of soft cathode 
rays in an uniform magnetic field is bent into a complete circle whose 
radius depends on the field strength and on the velocity of the 
electrons. 

(c) 


Referring to Fig. 2, we see from the properties of a right triangle 


i? 
that, r?— (5 y =(r—U)? or a 2rU+U*. If the length 


of the string be taken as 7 cm and the deflection, U, as .003 cm, 
which may be regarded as representative and not as extreme values, 
r is of the order of 20 meters and U? is a little more than one part in two 
hundred million of r. It is about five parts in a million of / so that 


in comparison with either r or /? we may neglect U*. Dropping U’, 
2 P 
370 o- , and at , which is (3). 


(d) 

Equation (7) is so well known that it seems hardly worth while 
to go into its derivation. The reader may consult, Rayleigh, Theory 
of Sound, vol. I, p. 135 and 149, edition of 1877; or Houstoun, 
Introduction to Mathematical Physics, pp. 109 to 113, inclusive. 

The complementary function of the solution, (8), is taken from 
Byerly’s Fourier’s Series and Spherical, Cylindrical and Ellipsoidal 
Harmonics, Page 115, equation (14). The notation used in this 
paper is slightly different and the equation has been transformed 
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to an equivalent form better adapted to the purposes of this paper. 
The solution as given by Professor Byerly, but in the notation used 
“7 this paper is, 


i= ‘S¢x2q2 2q2 
— -2m S> >, [ (= “/— oe ae 
— ‘Sox r2q2 | t 
~~ = k? sint 4/— 7 Fy wt fr sin oa 


| 





? 4m? 
The terms in the parenthesis are of the form, y sin 6+B cos 6. 
Consider the right triangle, Fig. 6, and let « be the angle oppo- 





site the side A. Sine= and tane=~4. 


A B 
Vere "Tape 
Put 0=/A?+B*. Then Q sine=A andQ cose=B. Substitute in 
the expression A sin @+B cos 6, Q sine for A, and Q cose for B. The 
expression becomes, ((sinesiné+cosecos@). This by a well known 


trigonometrical substitution becomes, Q cos (@—). e=tan“'s. 


R 


xX 
xy 





B 


Fic. 6 


(See S. L. Loney’s Plane Trigonometry, Table of Formulae, 
p. xi, Group VI, No. 4, or B. O. Peirce, Short Table of Integrals, 
p. 75, No. 592.) The same transformation is used elsewhere in this 
paper. 





In equation (8a) we may write for A, 
2m 4/ 


B, unity. 





;, k? 
‘ 1+—_—__—_—_—_ : . . 
Q will then be, 4/ + Gntsta?g? “ which by a simple algebraic 


/2 


1 
transformation gives, Q= 4/ 2p?» and 
1 aieneieaeneniiee 


4m?*s?72q? 
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We may now write for (8a), 


4m?*s?x2q? 


k 
—tan™ 22272 2 
2m 4/2 k 

}2 


which is the complementary function of (8).° 

As regards the method of obtaining the particular integral of (8), 
we may remark that there is a close formal analogy between the 
methods applicable for obtaining a particular integral of an or- 
dinary differential equation and those which apply to partial dif- 
ferential equations. The reader may consult, A Treatise on Ordinary 
and Partial Differential Equations, by W. W. Johnson, p. 109, 
Art. 111 et seq. for methods applicable to the ordinary form containing 
trigonometric functions and for the corresponding methods for 





* To attempt to ascertain the form of the most general solution of a partial differential 
equation by generalization from the corresponding ordinary differential equation is admittedly 
futile. (See A. R. Forsyth, Theory of Differential Equations, Part IV, Vol. V, pp. 2-4.) 
In the applications of these equations to mathematical physics, however, the most complete 
solution is apt to be much too general and must often be limited by boundary conditions 
dependent on physical specifications quite unrelated to the form of the equation. In solving 
the equation (7) for the conditions of critical and more than critical damping, we shall find that 
such a generalization will lead to solutions of sufficient generality for our purpose. We might 
have derived the solution for the oscillatory case in this manner also. This alternative 
method of solution is given below. 

k B pk? 
The solution of, 4-+-—-#-+—u=0 when —>—-, is 
m m m 4m 


mi k2 mi RB? 
u=e a Asint ———+Bcost —— ) (1) 
m 4m? m Am? 


To evaluate the arbitrary constants, A and B, we have, that when t=0, w=U and u«=0. 
Putting ‘=0, u=e°(B)=U. Differentiating (1), 


k pp RF 
1 = ———¢" im = (4 wnt 4/2 —*+ Boost ¢/* 
2m m Am? 


-_ we 7% ie 
ch A 5 Om : B - 
m 4m? m 4m? 


when ¢=0 











Aug., 1924] STRING GALVANOMETER 167 


partial differential equations, p. 357, Art. 330. For another method, 
see A. R. Forsyth, Treatise on Differential Equations, p. 74, III, 
for the ordinary form and p. 518, Art. 264, for partial equations. 





Putting ¢ equal to zero in this expression, we have, 





k hp Re 
u= ———B+A ———,, or, since B=U, 
2m m 4m? 
on kU te 
2m 4/*_ * 
m 4m? 


The solution then is, 


( 7 ly ) 

kt pou? a k? _*_+ cost gtz. k? | 
u=Ue-im) 2m m 4m? m ~ 4m | 
} 


m ” hn 





To solve the corresponding partial differential equation we must substitute for U, a init 
of x which will satisfy the same conditions as U and at the same time the further conditions 
that the deflection is always zero when x=0 and when x=/ and that when ‘=0 the shape of 
the string is represented by some Fourier _ Such a function is, 


perm 2 Sanyo) an 


s=1 
Substituting this for U, we have as a sities of, 
Fu kau Pu 
— +— — 3? -— 
al? mat ox? 











4 , stx2ag? kt ea : ‘ 
-— ® Sx 
ig 2 4m? sin = % fm sin x % dx 
0 


which is the equivalent of Professor Byerly’s solution and readily reduces to, 


2 weet sae fete? it 
u=> cim >) , p.2 cos— ft 2 4m 


s=1 








4m?s?x?.,? 
k u 
will ee , Sux . SmA 
—tan fata? 2 a Jsin— fm sin — dd 
2m — U l 
P ~ 4m? 0 


22,2 
The reason for writing = in place of = of the ordinary equation will be apparent 


to anyone who is familiar with the usual method of solving this equation. 








168 Horatio B. WILLIAMS |J.0.S.A. & R.S.I., 9 


te) ts) 
Writing D for >? and D’ for 5,’ We may express the particular 
x 


integral of (7) symbolically, thus: 
‘ie HI, > 2. cos mwtsin ~~ 
s=l 


k 
m( D:+—p—a'D’) = 
m 





Omitting during the intermediate steps the signs of summation, 
which will be understood and taken up at the end, and remembering 


22 
that for the cosine and sine, f (D*) =/(—m*w*) and f{(D"*) =(-), 


we may now write, 

















HI, _ Sex 
u= cosnwisin— . 
s*4*q? l 
bD+m( ——n*w? 
2 
s?x? 2 
Multiplying numerator and denominator by, kD — m( = nut) ; 
we have, stxtg? 
kD—m( —— n*w? 
° _ Sux 
u=HI, rat ' 





s*x?q? 
k2D?—m? - — 


Performing the indicated differentiation and substituting for D?, 
its value, 


' _ Sax s*x*q? _ SHx 
—Saucinauiee———e 7: —— nw? cent 


s*x2q? 2 
_ k2n2w? — m? ; — nw? 


Since the signs of all the terms are now negative, we may write all 
of them positive and proceed to employ the same trigonometric 
transformation just previously explained. In this transformation, 


s*x7q? 
—nat), to “B.” Q will 








u=HI,, 








knw will correspond to “A”’, and m( 73 


then be represented by, 


s*x2q? 2 
4/ Bntet-+m? ( 7 — wt) 


and we may write for, 








knw 











s*x?q? . sin € 
/ br%0t+m( = agit hk ° 
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and for, $22? 

m —— nw? 

[2 
s2x2q? 2? cose 
Hntat-+-m*( 7 -— nat) 
where, 
knw 
e= tan~'——_______—_—__ 





s*x2q? 
m —— nw? 
[2 


Dividing both numerator and denominator of the last expression 
Ss ra? 2 

for u, by, Hntat-+-m*(— To — nia?) , and writing sin e, cose, for 

the corresponding longer expressions, we have, 





‘ ; _ Sux . swe 
sine sinnwt all Gidea i 


u= HI, <= 


; ; s*x2q? 2 
k?n*w? +m? 7 —— nw? 











Whence, 


4 _ 


u a 2 
2n2w?+m? (we 




















knw 
nwt — tan~'— — — _ SWXx 
cos s*x*q? sin—. 
m( -— n'a!) l 
; I? 
(e) 
tT. = : . ; k2 s2q2q? 
s¢x2a?_k? - Squaring and re-arranging, we have,—=—__— — 
a ao 4m? ]2 
. - 4m? 
we Putting for the fundamental mode, s=1, and remembering 
Tk 
21 a? 4 hk? 4x? 4x? 
that, ro=—’ %° that, ~—, 6 DE from which 
a [2 To 4m 2 To" TK 
k 1 1 , , 
we see at once that, —-=2r4/ —~———. Mathematically this ex- 
2m ro OT? 


pression may have either a positive or a negative sign, but there can 
be no ambiguity physically for a positive exponent of “‘e” would 
represent a motion increasing without limit as time elapses and with- 
out the application of any force, which has no meaning. 
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(f) 

For an explanation of the auxiliary equation and its use, see 
J. W. Mellor, Higher Mathematics for Students of Chemistry and 
Physics, third edition, p. 400. For its use in connection with the 
solution of (7), see Byerly, Fourier’s Series etc., p. 113. 

When the roots of the auxiliary equation are equal, trigonometric 
functions no longer appear in the solution. 

A partial differential equation may be looked upon as equivalent 
to an infinite number of ordinary differential equations and there 
is a close formal analogy between the two types. It is often easiest 
to approach the solution by considering the form of solution of the 
corresponding ordinary equation. The solution of the ordinary 
equation with equal roots is of the form, w=e“[A,+Ax+ 
A;x?+°-°*-++-+-] See Forsyth, Diff. Eq., p. 67. Ax, As etc. are 
arbitrary constants whose value is determined by outside conditions 
not pertaining to the form of the equation itself. In the partial 
differential equation which is more general, we have arbitrary 
functions instead of arbitrary constants. In this particular equation 
functions of x may be taken to represent the infinite number of 
arbitrary constants which would be found in the infinity of ordinary 
differential equations, (one for every point of the string), which 
we might regard as the solution of the problem. (Compare Forsyth, 
Article 260, p. 512). Since the partial d‘fferential equation is 
linear, we shall expect no power of ¢ beyond the first and may 
write as a tentative solution, u=e'(F,(x)+F:2(x)t) (J) in which 
we have to evaluate the functions F,(x) and F(x) from the outside 
conditions. Here again we may profitably resort to analogy with the 


; : ; . au k du pz 
ordinary equation. The solution of the equation, —-+— —+—u=0 
di? m dt m 


(I])is, for the case of equal roots, u=e(A+B,) (III). This might be 
regarded as representing the motion of some single point of the 
string, say the middle point, if it were entirely unaffected by the 
motion of other parts of the string. When ¢ is zero, u=U, from 
which it is evident that A=U. Differentiating III, we have, 


du 
7 BOA +Bt)+Be#='=° g4+B and this is zero when ¢ is zero 





















































































































since it represents the velocity of the string, which is zero until 
it begins to move. Therefore B=—8A or B=—BU. U is the 
maximum deflection of the single point whose motion is defined 
by (II) and in the partial differential equation the deflection of all 
of the infinite number of points which make up the string is repre- 
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sented by F(x) when ¢ is zero. U, then, corresponds to F(x) and 
U=A which corresponds to F,(x) in (I) so that F2(x) would 
correspond to B= —BA = —BU=—8§F(x). If we substitute these 
values in (I) our tentative solution becomes, u =e (F(x) —6t F(x)) 
and on substituting for F(x) a value, which satisfies the boundary 
conditions, we obtain immediately the equation (10) in the text. 
This, as there explained, satisfies the differential equation and the 
outside conditions and is therefore, an acceptable solution. 


(g) 


The amplitude term of the particular integral in (8) is, 
HI, 


s*x?q? 2 
k?n2w?-+m? 7 —— nw? 


2sxam 
Substituting for k, the value, ; corresponding to critical 








damping of the sth. partial mode of the string’s vibration, we have, 
HI, 


4s??? m?n*w? s*x?q? 
7 +m’ - nw? 











Since m is a factor of both terms under the radical, we may take it 
out, and, performing the indicated involution of the second term, 
we have, HI, 
= gfaoaen S4xta* 2572? a?n*w? 
4,4 


—_ no 


? i“. ? 











which reduces to, 
HI, 


oa S'xta* = 2s?3?a?*n*w?* 

+ +n‘w* 
i - 

and since the expression under the radical is now a perfect square, 

we have HI, 


s?x2q? “a 
m nw 
12 + 


Remembering that a?=7/m, we may readily transform this expression 
HI, 


to s*x?T , and from this the form given in the text, equation 
2 —+mn*w? 

(11), is obtained by multiplying numerator and denominator by /?. 

In the discussion of equation (11), the statement is made that if 


k and m were both zero the phase angle would be zero. The expres- 
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sion for the tangent of the phase angle can be put into better 
__2sranw_ 
form to demonstrate that this statement is true. ( - ‘) 
ath 
2 


2s7nw 


s*x*a n*w*l. Remembering that a= zr so that a is infinite 





























l a 
2sanw 


. 2 2,52 . . . 
when m is zero, we have, (m=0), § ro nm wl which is manifestly 
l ro 


— 
_" to. 


equal to zero. 
(h) 

The solution of (7) for condition (c) given in equation (16) can 
also be derived as was that for condition (b) from the analogous 
solution of an ordinary differential equation. The solution of 
equation (II), appendix (f) for more than critical damping is, 
u =C,e"+C.e (I)h. 

8, and B2 are the two real and distinct roots of the auxiliary 
equation. For our present purpose we need not stop to determine 
the values of these roots, which would be similar in form to those of 
the corresponding partial differential equation. We are at present 
concerned with the determination of the arbitrary constants C, 
and C:, with a view to obtaining a hint as to the probable form of the 
solution of (7) for the condition (c). Supposing as before, the 
ordinary differential equation to represent the motion of the middle 
point of the string entirely unaffected by the motion of other parts, 
we see that when ¢=0, u =U =C,+C; (II) h. 

Differentiating (I)h, and putting t =0, we have, since the velocity 
of the string is zero when ¢ =0, 


du 
= =B,Cie°+BL2e°= 
dt 


BC; = —BL2 
From (II)h and (III)h My have, 


U= -F 01-6, 


in tp. wa 2 ff oo 










(I1Dh 


p,— =) 


1-2 =C; 














C,\=U a (IV)h 
Also from (II)h and (III)h we - 


Bs 1- 
U=C:——C2=C2( 1-— }=c 
2 By 2 ( =)- ( By *) 
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) or for greater symmetry, we may write, 


C2=—- u(=—;) . (V)h. 
Be— Bi 


The solution of (I)h, on substituting these values of C; and C2, 


“n= U 
Bo— ar C2— Bi 


In the more general partial differential equation, U will be different 
for every value of x along the length of the string and will be zero 
at each end where the string is held fast. We must therefore replace 
U with some function of x which will define the law of variation of u 
along the string and in particular cause u to vanish when x =0 and 
when x=/. The function which appears in the solutions for condi- 
tions (a) and (b) meets these requirements. Substituting it for U, 
we have at once equat‘on (16) of the text. This satisfies the outside 
conditions and the differential equation and is therefore a satis- 
factory solution. 
(i) 

The formulas for these integrations are, 

smd Dh sxr PF 
p sin—d\ = gp as i (1) 

l S*x? 


ST l 


fe , ae D? wad ; A 21 smd (2) 
ao = --—¢(o""— ee) —— oi . 
wok ow tt te” 6hUtl le 


The general reduction formula for-obtaining the above is, 


: axcosax—nsinax n(n—1) ; 
x"sinaxdx=—x""! - x"—*sinaxdx 
a? a? 


The manner of deriving this formula by successive applications 
of the method of integration by parts can be found in Williamson’s 
Integral Calculus, page 78, Article 65. 
(j) 
The same method of integration is employed as that referred to 
in appendix (i). Integration over a part only of the length of the 
string is more tedious, but not difficult. The following trigono- 


metric relations were used in reducing the result. 


Ssm ST _ Ise ST 
sin —— = cos— sin -—— = Cos 
12 


12 so 2 


Ssx _ sr 7se _ se 
cos——= sin— cos ——= — sin— 
12 12 12 12 
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As a check on the correctness of signs etc. the integration was also 
51 7 
performed from zero to 2 and from rr to / and the sum of the 


- 


results of the three integrations was found to be the same as that 
obtained in the much simpler single integration from zero to I. 


(k) 
1 


——— 4m?*s*x2a? 
[22 = 
1 ——————_ wee 


4m?*s*x72a? 
s*x7q? Fs s*x2q? 
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2 
= § ——- 
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In the cosine term, the expression under the radical becomes, 
: “"(st—1) and putting 2" for™ we have, /47° 


(a 
— - = = =, 
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The tangent of the phase angle becomes, >— ° 





k xa 2 
Since, —-=—=—. 
2 m l To 
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A MOTOR DRIVEN DOUBLE COMMUTATOR 
By A. P. CARMAN 


This is a device for charging and discharging two electrical con- 
densers in unison and with a uniform frequency. It has been used 
in the comparison of the capacities of two air condensers by a method 
of mixtures in connection with determinations of the dielectric 
constants of gases. In earlier work in the comparison of the capa- 
cities of condensers, such as Klemencie’s classical work on the dielec- 
tric constants of gases, the tuning fork was used as the switch, the 
vibrating prong being furnished with a stylus which made and 
broke contact with a mercury or other conducting surface. Most 
persons who have worked with the tuning fork commutator, agree 
that it is troublesome and irregular in operation. The difficulties in 
using the tuning fork as a make and break switch led several 
experimenters to the development of the rotating cylinder with 
stepped metal segments on which brushes rest to join the condenser 
alternately to the battery for charging, and to the galvanometer for 
discharging as the cylinder rotates. One of the best forms of these 
rotating cylinder commutators is that described in 1903 by Fleming 
and Clinton.!. This is made with two cylinders and one shaft, 
and it is thus used asa double commutator. One of the best features 
of the Fleming-Clinton commutator is that air is used in the 
insulating space between the segments. 

In using this rotating cylinder double commutator, we found con- 
siderable irregularities in the deflections of a sensitive galvanometer 
due to the variations in the contacts of the brushes with the com- 
mutator segments. Fleming and Clinton evidently had such diffi- 
culties with resistance variations at the brushes, for they say, ““‘We 
have tried various methods of making the rubbing contacts and 
found nothing better than brass gauze brushes. Carbon brushes 
were tried at one time and found to be unsuccessful. It is essential 
that the commutator surface should be kept bright and clean, and 
the brass gauze brushes do this themselves when adjusted to the 
right pressure.”” We used both woven gauze and other forms of 
brushes but we were never able to eliminate irregularities in the 


1 Fleming and Clinton. Proc. of London Physical Society, 18, p. 386; 1903. 
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rubbing contacts. Probably we did not have the kind of woven 
brass brushes used by Fleming and Clinton. 

We also tried a rotating cylinder commutator made by Edelmann. 
Edelmann’s commutator has the stepped brass segments insulated 
by inserted quartz plates and the brushes are of carbon. The 
rubbing contacts were much more irregular than those of the 
Fleming and Clinton commutator, and the quartz plates soon 
became dirty. 














Fics. 1 and 2 


The above experiences led the writer to the design of the form of 
commutator shown in plan and section by the diagrams of Figs. 1 
and 2 and by the reproduction of the photograph in Fig. 3. The 
horizontal rods R and R’, are small steel rods working through the 
brass bearings B and B’. These rods are connected with insulation 
bushings on opposite sides of the block A which fits on the eccentric 
part of the shaft S. The eccentricity is 3 mm, so that the rods move 
backwards and forwards through 3mm in an approximate simple 
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harmonic motion. The little bearings B and B’ are hinged so as to 
rotate slightly in the vertical plane, and the rods are flattened at the 
middle points, so as to bend slightly in the vertical plane. The outer 
ends of the rods are tipped with platinum. Opposite the outer end 
of the rod B is a small plate of platinum C held indirectly by the 
adjustable standard P, so that the rod R makes contact with this 
plate when at its maximum outward position. Thus when the 
contact on the right side is made, the contact on the left side is 


Fic. 3 


broken, and vice versa. The contact plate C is not carried directly 
on the pillar P, but on a short flat spring £, for cushioning. The out- 
ward vibration of this spring is limited by a stop, so that a break in 
the contact each time is assured. The tension of the spring can 
also be adjusted so that the natural period of the spring vibration 
is very high, compared to the frequency of the contacts.j, Connec- 
tions are made so that the condenser is charged by the contact on the 
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left and discharged by the contact on the right, these two contacts 
taking place at a half revolution of the shaft apart. 

The shaft carries two of these eccentric blocks A; and Az, with 
parts as described, duplicated. The eccentrics of the two blocks 
were made on the same side, because it is then possible to secure 
exact unison, by turning the eccentrics at one setting in the lathe. 
The shaft may be driven, as was done in the case of the Fleming- 
Clinton commutator, by direct connection w:th an alternating 
current electric motor, making about 1750 rpm. Driving by a belt 
was found to give large irregularities. To get higher and different 
speeds, a friction disk drive has been introduced between the motor 
and the commutator. For some sensitive galvanometers, otherwise 
satisfactory, it was found that the current pulses of about 30 per 
second give small resonance variations, shown by the “fuzziness” 
in the light beam reflected from the galvanometer mirror. This 
effect was very small, but it was found possible to get rid of it by 
using some other speed. 

LABORATORY OF PHysICcs, 


UnIversity oF ILLINoIs, 
Aprit, 1924. 


Does a Crystal emit characteristic X-rays of its Atoms in the 
same Direction as it would reflect Them ?— Duane and Clark found 
that when they irradiated a crystal of KI (or KI;, or CsI, or CsI;) 
with primary x-rays from a tungsten anticathode, and mapped the 
spectrum of the reflected rays by the customary method with rotating 
crystal and revolving ionization-chamber, the characteristic lines of 
iodine (or Cs) appeared in the spectrum beside those of tungsten, as if 
the primary beam had included the characteristic rays of tungsten and 
iodine both. Walter repeats their experiments with a W anticathode 
and a KI crystal, making only one change: the ionization-chamber is 
replaced by a photographic plate. The iodine lines are not discerned 
at all upon the plate. He also performs the same experiment with 
similar materials: a Mo anticathode and a KBr crystal, a Cu anti- 
cathode and a KBr crystal, a Mo anticathode and a KI crystal. Several 
lines are perceived in each spectrum, but all are traceable to metals in 
or upon the anticathode, and all occur with equal brightness in spectra 
produced under otherwise identical conditions with a NaCl crystal. 
The rapid decline of intensity towards longer waves which appears in 
the Clark-Duane curves is not found in Walter’s (except in one where it 
is ascribed to selective absorption by the glass), and the only apparent 
effect of the iodine (or bromine) atoms is to impress their absorption 
edge upon the spectrum of the reflected beam.—{B. Walter (Hamburg) 
ZS. f. Phys., 20, pp. 257-271; 1923.] K. K. Darrow 











AN IMPROVED FORM OF GOLD LEAF ELECTROMETER 
By Harry Clark 


In a Bumsted electrometer of the usual type, a gold leaf hangs 
vertically between two plane obliquely-placed plates which are 
maintained respectively at proper positive and negative potentials 
with respect to the case by means of a battery. Adjustments for 
sensitivity are made by moving the plates in directions normal to 
their planes, by moving the leaf up or down, and by levelling. The 
process is tedious and must be carried out carefully since otherwise 
the leaf may become unstable, and may stick to one of the plates. 

In the instrument here described, the leaf is fixed as to height, 
though it may be rotated about a vertical axis for the purpose of 
optical adjustment. Since the telescope is fixed in a tube attached 
to the front plate (not shown in the figure), any particular detail 
of the edge of the leaf which is used as an index for reading will 
always be found at the proper height for use. 

The charged plates, curved in form, may be moved vertically, each 
by means of its own micrometer screw. If the apparatus is even 
reasonably level, and if the plate potentials may be adjusted roughly 
—by steps of perhaps 50 volts from 50 to 200 volts—-any desired 
degree of sensitivity with fairly linear scale may be obtained in afew 
seconds by means of these adjustments alone, the zero position of 
the leaf being kept meanwhile on any desired part of the scale. The 
upward movements of the plates are limited automatically so that 
the leaf cannot come in contact with the plates whatever its poten- 
tial may be. The writer has used the same gold leaf for three years, 
having exercised it at various times by the application of several 
hundred volts. 

The screws for levelling the electrometer, shown in the illustra- 
tion, have never been used even though the whole device, mounted 
on a big clamp stand, has been moved about frequently and has 
been used in various places. Since careful levelling is unnecessary, 
the nstrument may be attached rigidly to other parts of the appa- 
ratus, as shown, therby simplifying the electrica connection to the 
leaf, and making it possible to keep dust and mo‘sture from the 
nsulators. It has not been found necessary to clean the amber 
insulators since the apparatus was built. 
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The electrometer, and the two standard condensers, parts of 
which may be seen in the figure, as well as a device containing the 
grounding and potential switches (which is not visible), are made as 


- 





Fic. 1. The Gold Leaf Electrometer with front plate carrying telescope removed. 


separate units. They are mounted in a central brass piece with set- 
screws. Each condenser is provided with a screw-switch by means 
of which it may be thrown in or out of the circuit. 


THE ROCKEFELLER INSTITUTE FOR MEDICAL RESEARCH, 
New York. 




















AN INSTRUMENT FOR MEASURING THE SWELLING 
OF GELATIN ON RIGID SUPPORTS* 


By S. E. SHEPPARD AND F. A. ELiiotr 


The swelling of the gelatin layers of photographic materials is 
peculiar because, owing to the adhesion of the gelatin to a rigid or 
semi-rigid support, swelling is limited to one direction, that per- 
pendicular to the support. Instead of measuring swelling as increase 
of volume, it may therefore be measured as increase of thickness; 
that is, as@length. In studyimgthe behavior of photographic layers 
in various operations, such as development, hardening, etc., it was 
desired to follow the swelling as function of time of immersion in the 
bath without removing the plate (or film) and without interfering 
with the process. For this purpose the instrument described was 
devised. 





Fic. 1 


In Fig. 1 is given a general view of the instrument in elevation. 
It consists essentially of a balance beam CC carried on the thrust 
block of a vertically mounted stage micrometer,! J. One end of the 


* Communication No. 203 from the Research Laboratory of the Eastman Kodak Company. 
1 Obtained from W. Gaertner, Chicago, IIl. 
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balance beam has freely suspended from it a quartz silica rod with a 
foot of 6.15 mm® area, the weight of this foot being compensated at 
the other limb of the beam. The piece of plate or film is held rigidly 
by clamps in the double walled bath H, through which water at 
constant temperature is circulated. The foot of the rod J is adjusted 
to just rest in equilibrium on the surface of the gelatine layer. As 
swelling proceeds the balance beam is tilted, the displacement is 
adjusted by the micrometer screw, and the difference in reading 
gives the swelling in a given interval of time. 





Fic. 2 


The arrangement for the null position adjustment of the balance 
beam is best shown by the plan view in Fig.2. In this, G is astandard, 
a solid casting, carrying the micrometer and balance; A is a 
housing containing a lamp illuminating a scales or slits in B,; and 
B., the images by the small mirrors C, and C: mounted at the 
ends of the beam. The images of the slits are thence reflected 
through the paired lenses D, and D; of 5 cm focal length, and brought 
into optical contiguity by the prisms EZ; and E; in the eyepiece F. 
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The actual sensitivity can be increased to any desired degree by 
increasing the magnification of the lenses D,; and D, and of the eye- 
piece F, but there is no real advantage in increasing it beyond a 
point permitting the maximum precision of a single setting. The 
following table exhibits the precision possible for this: 


Readings A A? 


22.334 — 001 .000001 
22.335 000 

22.335 000 or 
22.333 — .002 000004 
22.336 + .001 000001 
22 340 + 005 .000025 
22.340 + .005 000025 
22.330 — .005 000025 
22 .332 — .003 000009 
22.335 000 





TA? = .000090 


Average: 22.335 mm 


The probable error of single readings is 





Sef RE Re“ tpemeataerinse 





+0.6745 / =A? 
n—1 
/ 00009 


£0.0785 4/ ; 


+ 0.6745 X .00315 = .002mm = .01% 


As illustrating the agreement obtained between the weighing 
method and the thickness method for swelling of gelatin coatings, 
the following table is given: 





Time in Oedometer Weight S/G= 
Minutes Swelling in mm | Swelling per gm_ | Ratio 
0 0 0 
2 .100 — 
5 175 -- 
10 .275 2.00 29.0 
15 .325 2.50 27.5 
20 .375 2.90 27.5 
30 500 3.50 28.5 
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The curve in Fig. 3 further exhibits the agreement between the 
gravimetric determinations of swelling and those by thickness 
measurements. 
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Fic. 3 


Our thanks are due to Mr. S. S. Sweet for assistance in checking 
the measurements with this instrument. 


RocHestTer, N. Y. 
Aprit 4, 1924, 


Oblique Scattering of Light in Gases and Liquids.—Experiments 
by the Rayleigh-Cabannes method, the primary beam being con- 
centrated sunlight and the scattering substances gaseous CO, and 
liquid toluene, benzene and ether (the liquids repeatedly distilled to 
remove dust). Assume that the light scattered in a direction ¢ (meas- 
ured from the direction of the primary beam) is made up of an un- 
polarized part of intensity A and a part, polarized in the plane of 
scattering, of intensity B(1+cos* g). The intensity of the scattered 
light, and the ratio of the intensities transmitted by a Nicol set first 
in and then perpendicular to the plane of scattering, are simple functions 
of gandr=A/(A+B). Measurements of each of these quantities are 
made at angles ¢ ranging between 30° and 130°, and agree with the 
formulae provided that r be made .102 for CO: gas, .52 for toluene, 
48 for benzene and .084 for ether —{A. S. Ganesan (Calcutta) Phys. 
Rev. 23, pp. 63-68; 1924.] 


K. K. Darrow 
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A HIGH POTENTIAL BATTERY SUBSTITUTE 


E. L. HARRINGTON 


For charging an electroscope in experimental work along such 
lines as radioactivity those in research work often employ a high 
potential battery to eliminate the dangers to the leaf, as well as the 
tedium involved, in trying to obtain the desired potential by the 
ordinary ebonite rod method of static electricity. But one dislikes 
to trust high voltage batteries to students in experimental courses, 
and in this laboratory it is rendered entirely unnecessary by the use 
of the charging circuit shown in the figure. 

The ordinary 110, or preferably 220 volt D. C. line may be used, 
as a source of the charge. Aside from the line switch, L, the circuit 
contains only tap key K, and C, an adjustable multiplate air con- 
denser such as are now employed in radio sets, 
in addition to the electroscope. K should be of 
good insulation, and the better insulated-half of C 8.C. LIne 
should be the side connected to K and the L 
electroscope. The latter should have a charging 
switch, S provided with an insulating handle, K 
though for electroscopes not having such a switch 
the charging wire may be held by hand, by means . 
of an ebonite rod insulating handle, and removed WwW 
when the desired potential is secured. 

To charge the electroscope close L, turn C to full c is 
capacity and press K momentarily. The potential 
of the charge, thus obtained and isolated, is now 
raised by reducing the capacity of C until the desired 
deflection is produced in the electroscope when S is 
opened. In practice one soon learns the turn 
required. 

The method, while involving nothing new, has 
proven with us a time saver and a leaf protector. 
The scheme may well replace the high potential battery in 
certain other cases, in fact wherever the plate or other body to be 
charged is well insulated and the current drawn practically nil, 
provided the capacity of C is suitably chosen. By connecting an 
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indicating electroscope in parallel the potential may be kept fairly 
constant by leaving C connected and varying its capacity at the rate 
required to keep the leaf at a constant deflection or in other words, to 
neutralize the charge losses. 


University OF SASKATCHEWAN, 
SASKATOON, SASK., CANADA. 


Spectra of twenty light Elements in the Ultraviolet down to 
136A.—All of the first twenty elements of the periodic table except 
Ne and A, and together with Cr and Cu, have been investigated by 
the “vacuum spark” method in which the radiation comes from a 
condensed high voltage discharge in a high vacuum between slightly 
separated electrodes of the element or of one of its salts. (However 
the lines of the gases H, He, O, and N are not separately produced, but 
are sought and identified among the lines of the metallic spectra, the 
gases being supposed to be occluded in the metals used as electrodes; 
it sometimes requires a considerable amount of intercomparison of 
spectra and use of auxiliary evidence to decide whether a given line 
belongs to the electrode metal, to an impurity or to some or which 
occluded gas). No lines of Li were found (between 370 and 1700 A), 
no lines of He, and no new lines of H. At the other extreme, the 
elements C, N, O, S, Cl, Cr and Cu all displayed very rich spectra; so 
did potassium, the observed lines being due to the once or more-than- 
once ionized atoms. In the spectra of Mg, Al and Si many lines were 
identified (apparently by comparison with the work of Paschen and 
Fowler) as due to once, twice and thrice ionized atoms, respectively; 
and in the spectrum of phosphorus lines of the four-times ionized atom 
are identified, by virtue of their agreement with the frequencies ob- 
tained by extrapolating the known frequencies of Na, once ionized Mg, 
twice ionized Al and thrice ionized Si. It appears in fact that in each 
of these cases, and also in the first period of the periodic table, the most 
conspicuous lines are those emitted by atoms which have lost all but 
one of the electrons which make up the outermost shell of the com- 
pleted atoms. In the spectra of Mg and of Ca, doublets are observed 
which have approximately the proper separation of the relativity 
doublets familiar in high frequency spectra and explained by Sommer- 
feld. In the spectra of Na, Mg and Al certain bright lines are ascribed 
to transitions from a certain M-level to one or other of the L-levels; 
the energy value of the M-level being known from the optical spectrum, 
the energy values of the L-levels can be deduced. Plotting these along 
with values for neon deduced from its ionizing and resonance potentials 
(as given prior to Hertz’ latest work), a smooth variation with atomic 
number is perceived. (It seems to be assumed, in making some of the 
calculations, that the energy values of the inner levels are unaffected 
by the removal of one or more electrons from the outermost level).— 
[R. A. Millikan, I. S. Bowen, Pasadena; Phys. Rev. 23, pp. 1-34; 1924.] 
K. K. Darrow 
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A NEW AUTOCOLLIMATOR 
By F. E. Wricut 


In the Gauss method for autocollimation light reflected by a glass 
plate placed back of the cross hairs in the eyepiece of a telescope is 
transmitted through the telescope system to a reflecting mirror whence 
it is returned through the telescope. With this arrangement the cross 
hairs and their image appear as dark lines in an illuminated field. 
Autocollimation is attained when the cross hairs cover their image. 
Experience has shown that more accurate settings can be made if 
the two fields are not superimposed, but, as in the range finder of the 
coincident, self-contained type they are placed side by side in contact. 
The accuracy of a single setting under these conditions is about five 
times that obtainable where the fields are superimposed. In the 
autocollimator described below this factor has been taken into account. 

The arrangement of the several parts is illustrated in Figs. 1A (top 
view) and 1B (view of field as seen through the eyepiece). The light 
from a small electric bulb, N;, after passing through the ground glass, 
G,, and through a narrow adjustable horizontal slit, A, is brought to 
focus by the lens, Z;, on the telescope axis, EO. Half the beam is 
reflected by the silvered surface of the cemented prism, P, the left half 
of whose diagonal face is silvered, indicated in Fig. 1A by the heavy 
line. The reflected beam passes along the telescope axis through the 
objective, O (distant its own focal length from the axis of the lenses, 
L,L2), and emerges as a parallel light beam to the reflecting surface, R, 
whose angular position is to be determined, thence back to the objective, 
O, into the telescope where it is imaged in the vertical plane through 
the axis of the lenses, L,Z2; it is there viewed through the eyepiece, E, 
as a fine, horizontal bright Jine on a dark ground in the left half of the 
field (Fig. 1B). The second half of the beam from N, and L;, passes 
through the prism, P, to the lens, L2 (distant its own focal Jength from 
the telescope axis, EO), whence it emerges as a parallel beam and is 
reflected back by the front surface of the lens, 3, into Lz by which it is 
imaged on the rear side of the silvered surface of P where it is viewed 
through the eyepiece, EZ, as the horizontal stationary line of reference 
in the field (Fig. 1B). A scale, S, illuminated by a second small electric 
lamp, N2, and ground glass, Gz, is imaged by the lenses L2LZ; on the 
rear side of the silvered surface of P where it is seen together with the 
reference line. 
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The field produced by this arrangement is shown in Fig. 1B. It is 
essentially a dark field on the left hand side of which is the fine bright 
horizontal line which moves up and down with the movements of the 
reflecting surface, R. On the right hand side is the bright narrow line of 
reference and a scale consisting either of dark lines on a Jight ground or, 
vice versa, of light lines on a dark ground. The contact between the 
halves of the field is sharp (edge of silvered reflecting surface of prism, 
P) and accurate settings can be made as in a range finder. The scale, 
S, can be graduated so as to read directly to 10’’, or 5’’, or less, of angle 

Os 


Ss 























Fic. 1A. Plan of new autocollimator showing arrangement of optical parts. 
Fic. 1B. Field of view as seen through eyepiece, E, of autocollimator. 


of rotation of the reflecting surface, R, depending on the focal length 
of the objective employed. In case the autocollimator is used with a 
mirror suspended vertically the arm, L, 2, of the telescope is mounted 
in a vertical position. 

This form of autocollimator was devised for use on a new gravity 
meter and has been found to answer the purpose well. On the crystal 
grinding goniometer it is an improvement over the special autocolli- 
mating system employed by the writer some years ago.’ In place of the 
adjustable slit, A,, a circular aperture or a signal, such as is in common 
use on the crystal goniometer, is preferable in this case; the scale, S, 
is unnecessary. 


GEOPHYSICAL LABORATORY, 
CARNEGIE INSTITUTION OF WASHINGTON, 
May, 1924. 


1 J. Wash. Acad. Sci., 5, pp. 35-41; 1915. 











A QUICK READING X-RAY SPECTROMETER 
By H. M. TerriLi 


The instrument described in the following paragraphs was designed 
by the writer to combine precision with speed of operation. The 
outstanding feature is the use of large gear wheels operated by worms, 
to obtain angle settings accurately and rapidly without the necessity 
of reading verniers. Three instruments of this design have been con- 
structed, two for the Institute of Cancer Research, Columbia Univer- 
sity, and the other for the Department of Physics. They were built 
by S. Cooey, the departmental mechanician. 





Fic. 1. General view showing base and worm gears. 


A general view of the instrument is given in Fig. 1. A flat base 
supports the front standard and a large compound center. The front 
standard holds the slits and worm bearings, and the center carries the 
two large gears which actuate the chamber slit and crystal table. 
The gears are meshed with worms turned by hand wheels with divided 
drums. These gears revolve on tapered bearings, the upper gear on a 
steel spindle, the lower on a cast-iron cone surrounding the bronze 
center. To the upper gear is fixed the crystal tablé, to the lower the 
chamber slits. The base is a flat triangular lattice of cast iron. The 
front standard, a webbed casting of bronze, supports the worms and 
also the defining slits. 
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The standard supporting the slits is made very rigid. On it rests a 
flat bed, upon which the slits may move, so that the distance between 
them can be varied. One of the slits is further adjustable in a direction 
at right angles to this, so that the beam may be made to accurately 
cross the center. é 

The slits themselves are of an improved type, the lead plates being 
closed by opposing micrometer screws. Throughout all adjustments, 
they are maintained accurately at right angles to the beam of x-rays, 
and the edges are bevelled to avoid reflections from the slit edges. 


Fic. 2. Details of worms and slit adjustments. 


The chamber slit has the lead plates inclined toward each other at 
an obtuse angle. This enables it to swing clear of the ionization cham- 
ber, in case the Jatter is moved independently, and still be mounted very 
close to the opening in the face of the chamber. This last is a desirable 
feature when working with penetrating radiation in places where the 
instrument receives much scatter from the surroundings. The chamber 
slit, while moved by the lower gear, is not bolted to its rim, but in order 
to avoid strains, is supported on an arm below the gear. This arm is 
attached to the gear at the center, and the weight of the slit is counter- 
balanced. 
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No ionization chamber is shown in the photograph. When a small 
one is used, it is attached to this arm, additional weight being added 
to the counterbalance. When a large one is used, it is swung on a 
bearing surrounding the center near the base, but the weight is borne 
by a wire from an overhead swivel. 

The gear wheels and worms are the vital parts of the instrument and 
present the chief constructional difficulties. They were duplicated from 
a Societé Genevoise dividing engine. The wheels are 36.6 cm in 
diameter and cut with 720 teeth. The worms are 20 mm in diameter, 
the pitch being 1.6 mm and the angle of the thread about 29°. 

The gears were constructed as follows: Bronze disks were turned to 
size, then divided in half degrees on the upper edge, and mounted in the 
milling machine for cutting. Instead of indexing with the dividing head | 
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Fic. 3. Elevation with section of center bearings. 


the teeth were cut from these half degree divisions by mounting a 
microscope on the miller table, and as each division was brought 
beneath the cross hairs, gashing the tooth with a formed cutter. After 
cutting they were mounted in place, the worms engaged and driven 
by a small motor, rouge paste being introduced until they were thor- 
oughly lapped together. 

The worms, shown in detail in Fig. 2, are held against the wheels by 
springs. At the end of the worm shafts are aluminum alloy hand wheels 
5 1/2’ in diameter. These wheels are cut with 30 divisions, each 
reading one minute of arc, and each subdivided in 5 parts, so that 
readings can be made to 12 seconds. 
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Fig. 3 which is partly in section and partly in outline shows the 
method of mounting the centers and gears. The centers are tapered, 
and adjustments are provided at the bottom to take up part of the 
weight and prevent sticking. The gear wheels support only their own 
weight. The upper one moves the crystal table, which is supported on 
a taper pin, resting in the top of the steel center spindle. 

The lower wheel is attached to the cast-iron outer center. To this 
is also fastened the aluminum alloy arm which holds at one end the 
chamber slit and at the other the lead counterbalance. 

The crystal table carries a sliding plate with micrometer adjustment 
for sliding the crystal exactly over the center. For making observations 
on the direct beam, the crystal table is lifted out. Replacing, the 
tapered pin fits back into its socket, and the table is turned until it 
reaches its stop, against which it is held by a spring. Provided the stop 
and also the taper pin are clean and free from dust, the crystal can 
be returned to within a few seconds of its original setting. 

INSTITUTE OF CANCER RESEARCH, 

CotumsBiA UNIVERSITY, 
Aprit 22, 1924. 


Electromotive Force Produced by Illuminating a Metal Elec- 
trode in a Solution of One of its own Salts.—Two electrodes of a 
given metal were immersed in a 4 normal (or more dilute) solution of | 
a salt of the metal; one of them illuminated; and the resulting emf, if 
any, measured by a compensation method with a galvanometer. In 
some cases an emf appears, gradually increasing with the age of the 
cell until a value of several millivolts is reached. Nickel electrodes in 
NiSO, display the largest effect, copper electrodes in CuSO, the next 
largest, while zinc, silver and cadmium electrodes in appropriate 
solutions give comparatively slight emf’s. The sign of the emf is not 
the same for all the metals. A visible change occurs in the appearance of 
the electrode. Platinum, mercury and lead gave no such effects. In 
addition there is an effect arising from the heating of the electrode by 
the radiation, which produces a thermal emf in the circuit. This emf 
(discovered by Bouty) amounts for example to 800 microvolts per 
degree in a Zn-ZnSO,-Zn cell. Experiments performed with electrodes 
not visibly altered in appearance by the light showed an effect of the 
proper order of magnitude (the rise in temperature of the electrode was 
determined, very crudely, by replacing it with the bulb of a thermom- 
eter and subjecting the bulb to the same illumination) and increasing 
(or decreasing) gradually after the light is turned on (or off).—{G. 
Athanasiu; C. R., 178, pp. 386-388 and 561-563; 1924.] 
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